
Design of a Multi-Arm Surgical Robotic System
for Dexterous Manipulation

Zhi Li
Electrical & Computer Engineering

Duke University
Durham, NC, 27708

Email: zhi.li2@duke.edu

Dejan Milutinović
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Surgical procedures are traditionally performed by two or
more surgeons along with staff nurses: one serves as the pri-
mary surgeon and the other as his/her assistant. Introduc-
ing surgical robots into the operating room has significantly
changed the dynamics of interaction between the surgeons
and with the surgical site. In this paper, we design a surgical
robotic system to support the collaborative operation of mul-
tiple surgeons. This Raven IV surgical robotic system has
two pairs of articulated robotic arms with a spherical con-
figuration, each arm holding an articulated surgical tool. It
allows two surgeons to teleoperate the Raven IV system col-
laboratively from two remote sites.

To optimize the mechanism design of the Raven IV sys-
tem, we configure the link architecture of each robotic arm,
along with the position and orientation of the four bases and
the port placement with respect to the patient’s body. The
optimization considers seven different parameters, which re-
sults in 2.3× 1010 system configurations. We optimize the
common workspace and the manipulation dexterity of each
robotic arm. We study here the effect of each individual pa-
rameter and conduct a brute force search to find the optimal
set of parameters. The parameters for the optimized config-
uration result in an almost circular common workspace with
a radius of 150 mm, accessible to all four arms.

1 Introduction
Surgical robots recently introduced into the operating

room have significantly changed the way surgery is con-
ducted. Together with the clinical breakthroughs in new sur-
gical techniques, these technological innovations in robotic
system development have improved the quality and out-
comes of surgery. In the last decade, research efforts have

been dedicated to developing surgical robotic systems that
show high levels of manipulation dexterity and precision not
achievable by the surgeons’ hand, provide viewing angles
otherwise unavailable to surgeons’ views, and minimize the
trauma to the tissue surrounding the surgical site. Advance-
ments in surgical robot technology has led to the develop-
ment of new surgical techniques that would otherwise be im-
possible.

Surgical procedures are traditionally performed by two
or more surgeons, along with staff nurses. Due to the heavy
cognitive load and manual demands of surgical procedures,
the collaborative effort of two or more surgeons is often re-
quired. With the introduction of surgical robots into operat-
ing rooms, the dynamics between the primary and assisting
surgeons changes significantly. The primary surgeon, who
controls the surgical robot, is immersed in a surgical console
and is physically removed from the surgical site itself, while
the assistant is usually located next to the patient and holds
another set of non-robotic surgical tools. Reproducing the
interaction of two surgeons with the surgical site using sur-
gical robotic systems requires at least four robotics arms and
two stereo cameras rendering the surgical site. Once multi-
ple robotic arms are introduced, several operational modes
are available in which each pair of arms can be under full
human control or in a semi-autonomous mode (supervisory
control).

In spite of the advantages, the introduction of multi-
ple robotic arms into a relatively small space presents chal-
lenges. From the operational perspective, there is a need
to maximize the common workspace that is accessible by
the end effectors of all four arms. This common workspace
needs to overlap with the surgical site dictated by the pa-
tient’s internal anatomy. Increasing the common workspace
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may lead to larger robotic arms, which in turn may result in
patient-robot or robot-robot collisions.

Previous research efforts mainly focused on the design
of port placement for cardiac procedures while using several
existing robotic arm architectures, such as the Zeus [1, 2]
or DaVinci [3, 4] or a similar, four-bar mechanism [5] in-
serted between the ribs. With the introduction of four robotic
arms, a new optimization approach is required for design-
ing the size and shape of the common workspace of the four
robotic arms while ensuring the kinematic performance of
each robotic arm. The scope of this research effort is a kine-
matic optimization of the surgical robotic arms in terms of
their structural configurations, as well as their positions (port
placement) and orientations with respect to the patient.

In this research, we introduce the mechanism design and
optimization of the Raven IV (Fig. 1) surgical robotic sys-
tem. It has two pairs of articulated robotic arms and, there-
fore, supports two surgeons in collaboration using two sur-
gical consoles that are located either next to the patient or
at two remote locations. Raven IV is the second generation
of Raven I [6]- [16]. The kinematic optimization of Raven
I was based on the analysis of the workspace of a single
arm [15, 17]. Several major structural changes are made to
minimize the footprint of the individual robotic arm includ-
ing the following: (1) all the actuators located on the base of
the robot are mounted on top of the base allowing the base
to be moved closer to the patient body; (2) the dimensions
of the actuation package are reduced; (3) the link lengths are
changed based on reported results; (4) the tensioning mecha-
nisms of the cables are relocated in the base plate to provide
better access and solid performance; (5) a universal tool in-
terface is designed to accept surgical robotics tools from dif-
ferent vendors; and (6) a unique tool with a dual joint wrist
is designed and incorporated into the system.

In addition, we propose a method to optimize the geom-
etry of the four robotic arms and the relative position and ori-
entation of their bases. The cost function in our optimization
accounts for (1) the size and shape of the common workspace
of all the arms, (2) the mechanism isotropy, and (3) the mech-
anism stiffness. In minimally invasive surgery, the surgical
tools designed to be attached to a surgical robotic arm are the
same as the ones used in traditional surgery. The optimiza-
tion does not target a specific internal organ or anatomical
structure, but is instead based on sizes of patient and ani-
mal models. Our method is proposed for the optimization of
the Raven IV surgical robotic system, but can be generally
applied to the optimization of a wider spectrum of similar
robotic systems.

2 Methodology
We propose a method to optimize the kinematics of the

Raven IV surgical robotic arms. In this section, we present
the forward and inverse kinematics, the Jacobian matrix, and
the cost function for the optimization. The cost function ac-
counts for the link lengths of the spherical mechanism, the
port spacing, the base orientations of the robotic arms, and
the manipulation isotropy in the common workspace.

Fig. 1: Raven IV Surgical Robot System - CAD rendering of the four
Raven’s arms interacting with the patient. In the figure, most of the actu-
ators were removed from the base of each arm to expose to the rest of the
arms and the shared workspace. The workspaces are marked with transpar-
ent cones and their intersection defines the shared workspace.

The Raven IV surgical robot system consists of two pairs
of surgical robotic arms. These two pairs are mirror im-
ages of each other, which results in their symmetric kine-
matics. Each surgical robot arm has seven degrees of free-
dom (DOFs): six DOFs for positioning and orienting the end
effector and one for opening and closing the surgical tool at-
tached to the surgical arm.
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Fig. 2: Reference frame of the Raven IV surgical robotic system.

The base frame is located at the converging center of
the spherical mechanism, which is formed by the first three
links of a Raven IV arm (Fig. 2a). The Denavit-Hartenberg
(DH) Parameters (see Table 1) are derived with the standard
method defined by [18]. The derivation of the forward and
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inverse kinematics is presented in Appendix.

Table 1: Denavit-Hartenberg (DH) Parameters for Raven IV Arms.

Robot i−1 i αi ai di θi

Left 0 1 π−α 0 0 θ1(t)

Robot 1 2 −β 0 0 −θ2(t)

(1,3) 2 3 0 0 0 π/2−θ3(t)

3 4 −π/2 0 d4(t) 0

4 5 π/2 a5 0 π/2−θ5

5 6 −π/2 0 0 π/2+θ6

Right 0 1 π−α 0 0 π−θ1(t)

Robot 1 2 −β 0 0 θ2(t)

(2,4) 2 3 0 0 0 π/2+π+θ3(t)

3 4 −π/2 0 d4(t) 0

4 5 −π/2 a5 0 π/2+θ5

5 6 −π/2 0 0 π/2−θ6

Range θ1 ∈ [0◦,90◦] θ2 ∈ [20◦,140◦]

θ3 ∈ [−86◦,86◦] d4 ∈ [0,250] mm

θ5 ∈ [−86◦,86◦] θ6 ∈ [−86◦,86◦]

The design of the surgical tools follows the generic
geometry of a minimally-invasive surgical tool. Thus,
our method focuses on optimizing the shape of common
workspace and the manipulability in it, and will determine
the geometry of the first two links and the relative positions
of the bases of the four Raven arms with respect to each
other.

2.1 The Common Workspace and the Reference Plane
The common workspace of our surgical system is the

intersection of the workspaces of all the four Raven arms.
Fig. 3 depicts the arrangement of the four Raven arms with
respect to each other. The gray bars represent the bases of
the arms, while the magenta and the cyan bars represent the
first and the second links of each arm, respectively. The com-
mon workspace of the four Raven IV arms is 3-dimensional.
When optimizing the mechanical design of the system, we
define a reference 2D plane, which is 150 mm below the
plane that includes the ports of the four surgical arms. Typi-
cally, the surgical tools are inserted half way into the patient
when the tool tips are operating in the reference plane. Since
the surgical tools frequently operate in the reference plane,
we decide to optimize the geometry of the projection of the
3D common workspace on this plane, as well as the manip-
ulability within the projected area. In the following sections,
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Fig. 3: The common workspace projected onto the reference plane: (a) 3D
view; (b) projection onto the x-z plane. For each Raven IV arm, the gray bar
represents its base. The magenta and the cyan bars represent the first and
the second links, respectively.

we will refer this area as the common workspace for simplic-
ity.

2.2 Area-Circumference Ratio
We want to optimize the shape of the common

workspace in addition to maximizing its size. The optimized
common workspace should be a circular area as possible, so
that the surgical tools are given free space to move uniformly
in any direction. Here we define a variable ς, which is the ra-
tio between the area and its circumference, to collectively
evaluate the area and shape of the common workspace (see
Eq. (1)):
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ς =
Area

Circum f erence
(1)

According to the isoperimetric inequality, the circle has
the largest possible area among all the shapes with the same
circumference. The area-circumference ratio of a circle ςc is
proportional to its radius r:

ς =
πr2

2πr
=

r
2

(2)

Practically, the common workspace has an amorphic
shape that cannot be analytically expressed. However, maxi-
mizing ς will result in the common workspace that is as close
to a circle as possible .
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Fig. 4: Example of two typical common workspaces of two Raven arms
constructed for two different link lengths defined by α and β : (a) two-arm
configuration defined by the link lengths α = 65◦, and β = 15◦ resulting in
ς = 2.23; (b) two-arm configuration defined by the link lengths α = 65◦,
β = 80◦ resulting in ς = 4.48.

Fig. 4 shows two common workspaces of two Raven
arms, resulting from different link lengths. The common
workspace depicted in Fig. 4b (with ς = 4.48) has the
preferred shape compared to the workspace illustrated in
Fig. 4a.

2.3 Mechanism Isotropy
Isotropy measures the kinematic manipulability of the

configuration of a mechanism. Its value ranges between 0 to
1. A mechanism is mechanically locked at the configuration
where the isotropy is 0, losing one or more degrees of free-
dom. At a configuration where the isotropy is 1, the mecha-
nism is able to move equally in all directions and, therefore,
has the best mapping between the joint space and the end
effector space. The isotropy is computed as one over the
condition number of the Jacobian matrix J (Eq. (3)).

Iso =
1

Condition number o f J
(3)

To evaluate the isotropy of a Raven IV arm, we ana-
lytically derive the Jacobian matrix using the velocity prop-
agation method. The angular and the linear velocities are
propagated iteratively from frame ı to frame ı+1 as:

i+1
ωi+1 = i+1

i Ri
ωi + θ̇i+2Ẑi+1 (4)

i+1vi+1 = i+1
i R(i

ωi×i Pi+1 +
i vi)+ ḋi+2Ẑi+1 (5)

Note that for a prismatic joint, θ̇i+1 = 0 in Eq. (4), and
for a revolute joint, ḋi+1 = 0 in Eq. (5).

The Raven IV arm is structured such that the positioning
of the surgical tool tip in a three-dimensional (3D) workspace
only depends on the first 3 DOFs. The remaining 4 DOFs
dictate the tool tip orientation and, therefore, do not affect
the mechanism’s kinematic manipulability. As a result, the
analytical derivation of the Jacobian takes into account the
first 3 DOFs (i.e., θ1, θ2 and d4) which determine the position
of the surgical tool. The irrelevant DOFs, including θ3, α4,
θ5 and θ6, are set to zeros.

According to the velocity propagation method, the an-
gular velocity of the tool’s wrist for the left arm is:

3v3 =

c2cβsαθ̇1 + sβcαθ̇1− sβθ̇2
s2sαθ̇1

c2sβsαθ̇1− cβcαθ̇1 + cβθ̇2


(6)

and for the right arm is:

3v3 =

−c2cβsαθ̇1− sβcαθ̇1 + sβθ̇2
s2sαθ̇1

c2sβsαθ̇1− cβcαθ̇1 + cβθ̇2


(7)

The linear velocities of the tool’s wrist are the same for
both left and right arms, which are:

3v3 =

 0
0
ḋ4

 (8)

Therefore, the analytically derive Jacobian matrix for
the left arm is:

3J =

c2cβsα + sβcα −sβ 0
s2sα 0 0

c2sβsα− cβcα cβ 1

 (9)
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and for the right arm is:

3J =

−(c2cβsα + sβcα) sβ 0
s2sα 0 0

c2sβsα− cβcα cβ 1

 (10)

As shown in equations (9) and (10), the analytical Ja-
cobian matrix has a unit vector corresponding to the pris-
matic joint along the z-axis of Frame 4. Thus, the mechanism
isotropy of a Raven IV arm depends only on the 2×2 top left
sub-matrix of the Jacobian, denoted as 3Js.

2.4 Cost Function
The common workspace is optimized taking into ac-

count four goals. The first two are to maximize (1) the
sum of the isotropy across the entire common workspace
(∑ Iso), and to minimize (2) the isotropy (Isomin) of the com-
mon workspace. We also want to maximize (3) the Area-
Circumference ratio (ς) given bounded isotropy values. Fi-
nally, we want to maximize (4) the stiffness of the mecha-
nism to reduce the end effector position and orientation er-
rors due to link deformations. In a spherical geometry of the
mechanism, the axes of the first three links intersect in a sin-
gle point, which defines its remote center. The kinematics of
the mechanism is independent of the radius of the sphere. As
a result, the link lengths of the spherical mechanism are mea-
sured by angles, while the radius of a spherical mechanism
determines the space around the point where the surgical tool
is inserted into the patient’s body.

With the above considerations, we define the following
cost function to optimize the mechanical design and config-
uration of the Raven IV surgical system:

C = max
(α,β,φx,φy,φz,bx,by)

{ς ·∑ Iso · Isomin

α3 +β3 } (11)

In Eq. (11), ∑ Iso denotes the sum of the actual isotropy of
the points in the common workspace and Isomin denotes the
minimum isotropy required in the common workspace. The
denominator α3 +β3 describes our goal regarding the maxi-
mization of the structure stiffness which is inversely propor-
tional to the cube of the link lengths.

To summarize, the cost function Eq. (11) maximiza-
tion computes the following parameters: (1) the link lengths
of the first two links α (the angle between the Axis 1 and
Axis 2) and β (the angle between Axis 2 and Axis 3); (2)
the base orientation of the arms denoted by φx, φy and φz and
measured by the rotations about the axes of the world coordi-
nate frame Xw, Yw and Zw, respectively; (3) the port spacing
bx and by, which are the horizontal distances between the
bases of the Raven IV arms; and (4) the minimum isotropy
required in the workspace denoted by Isomin.
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Fig. 5: Parameters for the optimization of the common workspace (unit:
mm).

3 Results
In this section, we use a brute force method to search

in the whole parameter space for the parameter values that
maximize the value of the cost function. We also study how
each individual parameter affects the cost function.

3.1 Overall Optimization
A brute force search in the parameter ranges and with

the resolutions listed in Table 2 was conducted to maximize
the cost function Cmax from expression Eq. (11). The search
explored the total of 2.304× 1010 parameter combinations,
each of them representing a specific configuration of the four
robotic arms. The configuration that maximizes the cost
function is depicted in Fig. 6a. This configuration resulted
into the largest circular common workspace shared by the
four arms as depicted in Fig. 6b) with an approximate radius
of 150 mm.

Fig. 7, Fig. 10, Fig. 11 and Fig. 14 show trends of Cmax
with respect to the parameters. According to Fig. 11, the
largest Cmax value is for maxφx and minφz. For all other op-
timization parameters, the largest Cmax value is in the middle
of the parameter ranges. Table 2 shows the parameter ranges,
resolutions, and preferred values of our optimization using
brute force method, with an optimal Cmax. To find an even
better Cmax and its corresponding parameter values, we con-
duct another brute force search in the neighborhood of the
optimal parameter value of α, β, φy, bx, by and Isomin with
refined resolutions (Cmax = 533.01 when bx = 90 mm).

3.2 Link Length
Given the spherical shape of the mechanism, the lengths

of the first two links are expressed as two angles, α and
β. These two link lengths are fixed in the design process,
whereas other parameters of the Raven robotic arms can be
adjusted as part of setting up the system. The size of the
workspace of a single Raven arm is maximized when α and
β are 90◦. However, for the rigidity of the mechanism, we
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Table 2: Parameter ranges and preferred values for the optimization of the
Raven IV surgical robotic system.

Range Optimal value Resolution

α [5◦,90◦] 85◦ 20◦

β [5◦,90◦] 65◦ 20◦

φx [−20◦,20◦] 20◦ 10◦

φy [−20◦,20◦] 10◦ 10◦

φz [−20◦,20◦] −20◦ 10◦

bx [50,200] (mm) 100 (mm) 50 (mm)

by [50,200] (mm) 50 (mm) 50 (mm)

Isomin [0.1,0.9] 0.5 0.2

Result Cmax = 526.3338 for Isomin =0.5

generally prefer shorter link lengths. Fig. 7 depicts the cost
function value Cmax for the optimal configuration, while α

and β are varied. The figure shows that for α,β ∈ [0◦,90◦],
the unction Cmax has the largest value when α = 85◦ and
β = 65◦.

3.3 Isotropy Performance
Limiting the minimal acceptable value of the isotropy

Isomin has a significant effect on the common workspace op-
timization result. The Jacobian matrices derived in forward
kinematics (see equations (9) and (10)) have three variables,
including θ1 (the shoulder joint angle), θ2 (the elbow joint
angle) and d4 (the tool shaft displacement). However, as de-
picted in Fig. 8a, the plot of the isotropy as a function of θ1
and θ2 indicates that the isotropy of the Raven robotic arm
mechanism varies only with θ2. In Fig. 8, we choose the
different Isomin in the common workspace to show that the
θ2 value range shrinks as Isomin increases, regardless of arm
configuration and link length.

We further find that Isomin affects the shape of the com-
mon workspace, the optimal link lengths and the maximum
of the cost function. Fig. 9 depicts the area-circumference
ratio ς as a function of link lengths α and β for different
Isomin. Fig. 10 further shows that Cmax varies with Isomin and
is maximal when Isomin = 0.5.

3.4 Robot Base Orientation
The base orientation of each Raven arm is determined

by three rotation angles in the world coordinate system. The
rotation angles about the Xw, Yw and Zw axes are denoted by
φx, φy and φz, respectively. A mirror image axial symme-
try is assumed for the rotations with respect to all the axes
and the following text refers to the top right Raven arm (first
quadrant) in Fig. 13a.

Fig. 11 shows Cmax as a function of the base orientation
in each individual axis, φx,φy,φz ∈ [−20◦,20◦]. When vary-
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Fig. 6: Optimal configuration of the Raven IV surgical robot four arms
following a brute force search (a) Relative position and orientation of the
system bases (b) optimized workspace.
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Fig. 7: Cmax as a function of the first two link lengths α and β.

ing one of the angles φx, φy, or φz, the rest of them are set
to zeros. In Fig. 11, Cmax monotonously increases with φx,
monotonously decreases with φz and it reaches its maximum
for φy = 10◦. The diagram shows that Cmax is most sensitive
to the change in the base rotation about the x-axis and least
sensitive to the change in the base rotation about the z-axis.

In Fig. 12, we plot Cmax as a function of various com-
binations of base orientations in three perpendicular planes.
Fig. 13 shows the top, front, and side views of the four Raven
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Fig. 8: The representative plot of the mechanism isotropy as a function
of θ1 and θ2 for the first two link lengths α = 55◦ and β = 40◦: (a) the
mechanism isotropy of the Raven arm as a function of θ1 and θ2, showing
that the isotropy does not depend on θ1; (b) the mechanism isotropy of the
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Fig. 9: Isomin affects the optimized shape of the common workspace de-
picted by the area-circumference ratio ς as a function of link lengths: (a)
when Isomin = 0 then ςmax = 6.64, and the optimal link lengths are α = 80◦

and β = 40◦; (b) when Isomin = 0.5 then ςmax = 6.55, and the optimal link
lengths are α = 70◦, β = 35◦.
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IV arms for the optimal base orientation, i.e., φx = 20◦,
φy = 10◦, and φz =−20◦.

3.5 Port Spacing
Fig. 14 depicts Cmax as a function of port spacing and

shows that it monotonically decreases as the distance be-
tween the ports along the x-axis increases, while it reaches
its maximum when the distance between the ports along the
y-axis is 100 mm. As a result, the expected benefit is max-
imized by separating the port locations 50 mm along the x-
axis and 100 mm along the y-axis. This result coincides with
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Fig. 11: Effect of base orientation (φx, φy, and φz).

empirical data of port placement in minimally invasive sur-
gical applications.
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Fig. 14: Performance criteria Cmax as a function of port spacing along the
two orthogonal directions bx and by.

4 Conclusions and Discussion
Providing a couple of surgeons the level of access, ma-

nipulability, dexterity of the surgical site, as well as the vi-
sual views of it via robotic technology requires at least four
robotic arms and two stereo cameras rendering the surgical
site. The core of this research was to optimize the design of
four surgical robotic arms to maximize the shared workspace
while both maximizing the manipulatable factors and stiff-
ness, and minimizing their footprint. Given the generic na-
ture of the surgical robotic system, its design did not target
any specific anatomical structures or surgical procedures.

The design parameters of the system can be divided into
two groups (1) design parameters that are fixed following the
fabrication of the robotic arms, i.e., angular link lengths, and
(2) design parameters that are changeable at any point during
the operation of the system, i.e., positions and orientations
of the individual robotic arms, as well as the relationship be-
tween them, i.e., spacing between the bases and the relative
orientation to each other and the surgical site.

The cost function for optimizing the design accounts
for geometry kinematics and stiffness parameters. The ef-
fect of each parameter was studied individually followed by
the brute force search across the range of all the parameters.
The effects of the individual parameters on the isotropy, link
lengths and base orientation are as follows.
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Fig. 12: Cmax is plotted as a function of various base orientations (φx, φy, and φz).
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Fig. 13: The top, front and side views of the four Raven IV arms (unit: mm).

Isotropy: The analytical derivation of the system shows
that the mechanism isotropy performance of a Raven arm
depends on a 2× 2 sub-matrix of the 3× 3 Jacobian matrix
for the end-effector positioning (i.e., θ1, θ2 and d4) once
the Jacobian matrix is expressed in the coordinate of the
tool’s shaft. Given the spherical shape of the mechanism,
the isotropy is a function only of the elbow joint. The maxi-
mal and minimal values are functions of the two link lengths.
Bounding the mechanism isotropy ensures high performance
of the entire system. An increase of the minimum acceptable
value of the isotropy leads to a smaller common workspace.
However, the overall performance criteria is maximized once
the minimal isotropy is set to 0.5.

Link Lengths: The first two links of the mechanism were
optimized. Given the spherical geometry of the mechanism,
the link lengths are expressed as angles. The kinematics of
the mechanism is independent of the sphere’s radius. The ra-
dius is set to provide sufficient space to encapsulate the MIS
port. Setting the angles of the first two links to be 90◦ each
allows to position the end effector at the tip of the tool in-
serted along the radius anywhere in the sphere. However,
there are two major disadvantages in setting the link angular
length to this value. First, the longer the link, the more flex-
ible the mechanism is. Second, if the link angular length is
longer, there is a higher chance of collision between the sur-
gical robotic arms and the body of the patient. Optimizing
the mechanism for link angular length shows that as the link

length increases, the performance criterion improves; how-
ever, the best performance is accomplished when the link
lengths are set to α = 85◦ and β = 65◦. Setting the mini-
mal isotropy to a value of 0.5 eliminates some combinations
of link length angles.

Base Orientation: The base orientation is dictated by
three angles. Among the three axis, the cost function is
highly sensitive to changes along the two angles that define
the plane of the base and less sensitive to changes along the
axis that is perpendicular to the base. The optimal solution
of the base configuration results in a configuration forming
an X shape in the coronal plane, a convex shape in the axial
plane, and a concave shape in the sagittal plane. It is inter-
esting to note that the configuration of the bases is similar to
the orientation of the palms of two surgeons interacting with
the surgical site while standing at each side of the operating
room table.

Port Spacing: Creating the shared workspace with a cir-
cular geometry is accomplished by spacing the bases 50 mm
along the superior/inferior axis and 100 mm along the left
/ right axis. Analyzing the clinical port placement in MIS
indicates similar distances.

The brute force optimization followed the detailed study
of the individual parameters to identify the combination of
parameters that maximizes the cost function. The combina-
tion defines the structural geometry of the mechanism, and
the relative positions and originations of its four surgical
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robotic arms with respect to each other in order to maximize
the circular shaped common workspace of the four arms. The
introduction of multiple robotic arms into the surgical field
enables several operational modes in which each pair of arms
can be under full human control or in a semi autonomous
mode (supervisory control). Although the primary focus of
the current study is surgical robotic system design, the pro-
posed design methodology can be generalized and applied to
a wider spectrum of robotic arms aimed at sharing a common
workspace with kinematic constrains.

Following its optimization, detailed design, fabrication
and integration, the system was initially tested using a col-
laborative mode. Two surgeons located at the University of
Washington campus in Seattle teleoperated the system col-
laboratively each controlling a pair of the Raven arms while
completing Fundamental Laparoscopic skill (FLS) tasks us-
ing a commercial internet connection. The preliminary re-
sults indicate the feasibility of two surgeons to either inter-
act with each other while performing collaborative effort, or
conduct two parallel tasks towards completion of their joint
work.

Fig. 15: Raven IV surgical robotic system - Preliminary teleoperation ex-
periment depicting two surgeons located at the University of Washington
Campus in Seattle WA teleoperated the four Raven arm system located in
the University of California, Santa Cruz, CA using a commercial internet
connection.

Appendix
Here we present the derivation of the forward and in-

verse kinematics of the Raven surgical robotic arms. In this
section, sinθi is denoted as si, cosθi as ci, sinαi as sαi, and
cosαi as cαi.

The direct kinematics can be derived from Table 1:

0
6T =0

1 T ·12 T ·23 T ·34 T ·45 T ·56 T =


r11 r12 r13 Px
r21 r22 r23 Py
r31 r32 r33 Pz
0 0 0 1

 (12)

Given the position and orientation of the end effector of
a Raven IV arm, each arm has seven DOFs. However, the
two jaws of the tool effector and its wrist were reduced to a
single DOF. With this approach, the system as a whole was
reduced mathematically to a 6 DOF system with a close form
inverse kinematics solution. The physical joint limits defined
by Table 1 were added to the analytical description to ensure
the ability of the arm to reach a specific point in space.

Eq. (12) describes the homogeneous transformation of
the Raven IV arm kinematics.

Hence, 6
0T can be determined as the inverse of 0

6T such
that

6
0T =


r
′
11 r

′
12 r

′
13 Pxinv

r
′
21 r

′
22 r

′
23 Pyinv

r
′
31 r

′
32 r

′
33 Pzinv

0 0 0 1

 (13)

where for the left robotic arm,

Pxinv = (−d4c5 +a5)c6

Pyinv = s5d4

Pzinv = (−d4c5 +a5)s6

(14)

and for the right robotic arm,

Pxinv = (d4c5−a5)c6

Pyinv = s5d4

Pzinv = (−d4c5 +a5)s6

(15)

Let us define Pinv as:

P2
inv = (P2

xinv +P2
yinv +P2

zinv)

= (d4c5−a5)
2c2

6 + s2
5d2

4 +(−d4c5 +a5)
2s2

6

= (a5−d4c5)
2 + s2

5d2
4

= a2
5−2a5d4c5 +d2

4c2
5 + s2

5d2
4

= a2
5−2a5d4c5 +d2

4 (16)

which gives:

c2
5 = (

a2
5 +d2

4 −P2
inv

2a5d4
)2 (17)

Note that both equations (14) and (15) lead to

c2
5 = 1− s2

5 = 1− (Pyinv/d4)
2 (18)
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Hence,

1− (
Pyinv

d4
)2 = (

a2
5 +d2

4 −P2
inv

2a5d4
)2 (19)

Eq. (19) satisfies both the left and the right robotic arms
and, therefore, leads to four possible solutions to d4:

d41 =

√
a2

5 +P2
inv +2a5

√
(P2

inv−P2
yinv) (20)

d42 = −
√

a2
5 +P2

inv +2a5

√
(P2

inv−P2
yinv) (21)

d43 =

√
a2

5 +P2
inv−2a5

√
(P2

inv−P2
yinv) (22)

d44 = −
√

a2
5 +P2

inv−2a5

√
(P2

inv−P2
yinv) (23)

of which only Eq. (23) is acceptable for both the left and
right arms given the constraints in Table 1.

The angle θ6 can be resolved as:

s6 = Pzinv/(−d4c5 +a5) (24)

for the left arm,

c6 = Pxinv/(−d4c5 +a5) (25)

and for the right arm,

c6 =−Pxinv/(−d4c5 +a5) (26)

θ6 = Atan2(s6,c6) (27)

The angle θ5 can be resolved as:

s5 = Pyinv/d4 (28)

c5 =
√

1− s2
5 (29)

θ5 = Atan2(s5,c5) (30)

Given the solution of d4, θ5 and θ6, we can compute

0
3T = 0

1T ·12 T ·23 T =0
6 T · [34T ·45 T ·56 T ]−1

=


a11 a12 a13 ax
a21 a22 a23 ay
a31 a32 a33 az
0 0 0 1

 (31)

where

a32 = s2sαc3 +(c2sαcβ + cαsβ)s3 (32)
a33 = c2sαsβ− cαcβ (33)

The angle θ2 can be resolved as:

c2 =
cαcβ +a33

sαsβ

(34)

s2 =
√

1− c2
2 (35)

θ2 = Atan2(s2,c2) (36)

Let us define a = s2sα and b = c2sαcβ + cαsβ. Thus,
Eq. (32) becomes

a32 = ac3 +bs3 (37)

and a, b and a32 are known. Eq. (37) can be solved with
the tangent-of-the-half-angle substitutions (see Section 4.5
of [18]):

θ3 = 2Atan(
b±

√
a2 +b2−a2

32

a+a32
) (38)

Eq. (37) can also be solved as (see C.10 of [18]):

θ3 = Atan2(b,a)±Atan2(
√

a2 +b2−a2
32,a32) (39)

Note that solutions only exist when a2 + b2− a2
32 ≥ 0.

Additionally, Eq. (38) requires a+ a32 6= 0 and Eq. (39) re-
quires a32 6= 0 and a 6= 0.

An algorithm to check a13 (equations (40) and (41)) in
Eq. (31) can be used to choose between the two possible so-
lutions of θ3.
For the left arm,

a13 =−s2sαs3 + c2sαc3cβ + cαc3sβ (40)

For the right arm ,

a13 = s2sαs3− c2sαc3cβ− cαc3sβ (41)

Given the solution for θ2 and θ3, θ1 can be determined
by:
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0
1T = =0

6 T · [34T ·45 T ·56 T ]−1[12T ·23 T ]−1

=


b11 b12 b13 bx
b21 b22 b23 by
b31 b32 b33 bz
0 0 0 1

 (42)

with s1 = b11, c1 = b21 for the left robot, s1 = b11, c1 = b21
for the right robot and

θ1 = Atan2(s1,c1) (43)
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