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Redundancy Resolution of the Human Arm and an
Upper Limb Exoskeleton

Hyunchul Kim∗, Levi Makaio Miller, Nancy Byl, Gary M. Abrams, and Jacob Rosen

Abstract—The human arm has 7 degrees of freedom (DOF) while
only 6 DOF are required to position the wrist and orient the palm.
Thus, the inverse kinematics of an human arm has a nonunique
solution. Resolving this redundancy becomes critical as the human
interacts with a wearable robot and the inverse kinematics solution
of these two coupled systems must be identical to guarantee an
seamless integration. The redundancy of the arm can be formulated
by defining the swivel angle, the rotation angle of the plane defined
by the upper and lower arm around a virtual axis that connects
the shoulder and wrist joints. Analyzing reaching tasks recorded
with a motion capture system indicates that the swivel angle is
selected such that when the elbow joint is flexed, the palm points
to the head. Based on these experimental results, a new criterion is
formed to resolve the human arm redundancy. This criterion was
implemented into the control algorithm of an upper limb 7-DOF
wearable robot. Experimental results indicate that by using the
proposed redundancy resolution criterion, the error between the
predicted and the actual swivel angle adopted by the motor control
system is less then 5◦.

Index Terms—Exoskeleton, inverse kinematic, redundancy,
swivel angle.

I. INTRODUCTION

W EARABLE robotic systems may improve the rehabili-
tation treatment as well as the quality of life of patients

suffering from a wide spectrum of neuromuscular disorders such
as stroke, spinal cord injury, and muscular dystrophy [1], [2].
The physical coupling between a wearable robot and the human
body imposes many challenges for creating stable and natural
integration between two systems. For example, their control
systems must coexist, maintaining identical movements.
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The human arm is one among the many redundant subsystems
of the body. With its shoulder, elbow, and wrist joints (excluding
scapular motion), it has 7 degrees of freedom (DOF). However,
positioning of the wrist in space and orientating the palm is a task
that requires only 6 DOF [3]. As such, the human arm includes
one additional DOF than is needed to complete the task. Given
the redundant nature of the arm, multiple arm configurations are
possible to complete a task, which is expressed mathematically
by nonunique solution for the inverse kinematics [4], [5]. De-
spite this mathematical difficulty, the motor control provides an
unique solution for the arm redundancy as the arm is moved in
space. Resolving the human arm redundancy is critical to safe
and effective interactions between humans and wearable robotic
systems [6]. In fact, the inverse kinematics solution resolving
the redundancy of these two coupled systems must be identical
in order to guarantee seamless integration [1], [7].

Several criteria were previously developed aiming to re-
solve the human arm redundancy such as posture-based con-
trol [8], biomimetic approach [5], [9], minimum mechanical
work [10], [11], minimum torque change [12], [13], kinematics,
and dynamics along with task complexity [14]. The fact that the
scopes of previously proposed criteria are limited in resolving
the human arm redundancy may suggest that (1) additional cri-
teria that have not yet been fully explored or defined may be
used by the human motor control system and (2) multiple cri-
teria may be simultaneously used by the motor control system,
and the shift between one cluster of criteria to another cluster
may be task dependent. In addition, criteria for redundancy res-
olution may be subject to two main deficiencies: 1) high level
of computational power required for real-time implementation
into a control system of a wearable robot and 2) numerical in-
stability due to the nature of ill-posed inverse problems. The
reported research proposes a new redundancy resolution crite-
rion that was developed based on human arm kinematics data
collected during daily activities that distinguish it from our pre-
vious work [7]. Furthermore, the proposed new criterion that
is numerically stable and computationally efficient was imple-
mented into the control system of a 7 DOF exoskeleton system
(UL-EXO7) and its performance was experimentally tested.

II. METHODS

A. Human Arm Model

The kinematics and dynamics of the human arm during ac-
tivities of daily living were previously studied [3] to deter-
mine in part the specifications for the exoskeleton design [see
Fig. 2(a)] [1]. The human arm is modeled as rigid links con-
nected by three joints: shoulder joint, elbow joint, and wrist
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Fig. 1. Kinematic model of the human arm. (a) Global reference frame FG

defined on Ps and seven joint angles in an initial position of the right arm.
(b) Extra DOF defined by a rotation axis (Pw − Ps ). (c) Coordinate frame at the
center of the elbow circle and the swivel angle that allows the parametrizations
of the elbow position by a single variable

joint [see Fig. 1(a)] while neglecting the scapular and clavi-
cle motions [15]. The three anatomical joints include 7 DOF
(shoulder joint 3 DOF, elbow joint 1 DOF, and wrist joint 3
DOF) creating a redundant 7-DOF model of the entire arm.
Fig. 1(a) depicts the frame structure and rotation axis of each
joint for the 7-DOF arm model.

B. Redundant Degree of Freedom—Swivel Angle

For a fixed position of the shoulder in space along with a
given position and orientation of the wrist, the human arm con-
figuration is fully defined if and only if the position of the elbow
joint is fully specified. With its three joints the arm forms a
triangle with one corner at the shoulder joint Ps , one corner at
the elbow joint Pe , and the last corner at the wrist joint Pw [see
Fig. 1(b)]. Both the shoulder and wrist joints are spherical joints
allowing the rotation of point Pe around the vector (Pw − Ps)
[see Fig. 1(b)]. A local coordinate system allocated at the center
of the elbow circle Pc with three orthogonal unit vectors (�n, �u,
�v) provides a reference coordinate system to define and measure
the swivel angle φ of the elbow [see Fig. 1(c)]

�n =
(Pw − Ps)
‖Pw − Ps‖

, �u =
(�a − (�a · �n)�n)
‖�a − (�a · �n)�n‖ , �v = �n × �u. (1)

Setting �u = �−z in (1), position the elbow at its lowest point
when φ = 0 [16]. Given the geometry depicted in Fig. 1, the
position of the elbow can be expressed as a function of φ [17]
such that

Pc =Ps + U cos(α) · �n, Pe =R [cos(φ)�u + sin(φ)�v] + Pc

(2)

cos(α) =
U 2 − L2 − ‖Pw − Ps‖2

−2L2‖Pw − Ps‖
, R = U sin(α) (3)

where U and L are the length of the upper and lower arm
segments, respectively [see Fig. 1(a)] and φ is defined as the
swivel angle.

C. Kinematic Model and Exoskeleton Control Algorithm

The forward kinematics defines the position of the end ef-
fector P0 ∈ Rm expressed in the base coordinate system of a
serially articulated mechanism with n-links such as a human arm

or an exoskeleton robot as a function of joint space variables
θ = [θ1 , θ2 , . . . , θn ] ∈ Rn as follows:

P0 = gdPT =T1T2T3T4T5T6T7gstPT = T1T2T3T4T5T6T7P
′

T

(4)
where Ti and gst denote the 4 × 4 homogeneous transformation
matrix defining the rotation and translation at the ith joint axis
and the transformation between the tool and base frames at
θ = 0 based on the exponential coordinates system approach
[18]. Unlike the Denavit–Hartenberg (DH) parameter approach
representing the relative motions of each link with respect to
the previous link, gst translates the end effector PT in the local
tool frame to P

′
T in the global base frame. Thus, Ti performs

the rotations and translations at the ith joint axis in the global
base frame. There is not a simple one-to-one mapping between
the exponential coordinates and the DH parameters approach
but both have the same form of final transformation matrix gd

in (4). In this approach, Ti for rigid body motion is defined as

Ti =
[

Ri Pi

0 1

]
(5)

where Ri is the 3 × 3 rotation matrix about the axis �ωi and Pi

equals to (Pqi
− RiPqi

), where Pqi
is a point that the ith axis of

rotation passes through [19].
The exoskeleton controller generates the desired joint angles

for the given end-effector position P0 ∈ Rm by solving the
inverse kinematic problem of (4). One of the solutions to the
inverse kinematics problem is based on the existing mapping
between the joint velocity θ̇ and the end-effector velocity Ṗ0
through the Jacobian matrix J that is defined as Ṗ0 = Jθ̇. Given
the redundant nature of the system, the Jacobian pseudoinverse
J+ is used for solving the inverse kinematic problem [20]. Then,
the general solution is given by

θ̇ = J+ Ṗ0 +
(
J+J − In

)
Z, J+ = JT

(
J · JT

)−1
(6)

where J+ is the pseudoinverse matrix of J for an underdeter-
mined (redundant) case(n > m), In is the n × n identity matrix,
and Z is an arbitrary vector. In (6), J+ Ṗ0 is the minimum norm
and homogeneous solution of Ṗ0 = Jθ̇ . The term (J+J − In )
maps θ̇ onto the null space of J that enables various joint config-
urations without affecting the end-effector position and velocity.
Thus, by applying the proper cost function producing a specific
Z vector as a secondary criterion, specific arm postures can be
achieved while, at the same time, tracking a given end-effector
trajectory as a primary goal. One effective way of defining Z
vector is by using the objective function H and projecting it
onto the null space of the Jacobian through (J+J − In ). Then,
(6) can be written as

θ̇ = J+ Ṗ0 + αw

(
J+J − In

) ∂H(θ, θc (t))
∂θ

(7)

where αw is a weighting parameter such that αw > 0. The fol-
lowing quadratic objective, called joint angle availability, was
initially used for the robotic manipulator in order to avoid joint
limits [21]

H(θ, θc (t)) =
n∑

i=1

(
θi − θci (t)

Δθi

)2

,

θc (t) = [θc1 (t) , θc2 (t) , . . . θcn (t)] (8)
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where θi is the joint angle, Δθi is the operating range of the joint
i, and θci (t) is the desired joint angle of joint i. Utilizing (8) in
(7) enables the joint configuration of a redundant manipulator
to remain close to θci (t). Assuming that the wrist orientation
does not affect the human arm during a reaching task and the
swivel angle is only affected by the wrist position, it is possi-
ble to match the the configuration of the exoskeleton with the
posture of the human arm by properly estimating the desired
swivel angle φ that in turn defines the desired joint angles of the
shoulder [θc1 (t), θc2 (t), and θc3 (t)]. Note that θc4 (t) can be
geometrically defined while θc5 (t), θc6 (t), and θc7 (t) defin-
ing the orientation of the wrist joint can be determined by the
operator or set as an initial value.

III. SWIVEL ANGLE ESTIMATION

The human arm provided inspiration for the design of many
industrial robotic arms in terms of joint configurations, link
lengths, and the ratio between them. Unlike industrial robotic
systems that can be freely positioned and oriented with respect
to their external environment, analyzing the human arm must be
done in the context of the human body anatomy and in particular
the head. Among the many functions that the human arm is
capable of, one of its primary functions is to facilitate feeding,
and therefore, the head is one of its primary targets. Moreover,
given the role of the head as a cluster of sensing organs and the
importance of the arm manipulation to deliver food to the mouth
to sustain life, we hypothesized that For the natural reaching
and grasping tasks, the value of swivel angel selected by human
motor control system to resolve the arm redundancy is selected
to efficiently retract the palm to the head.

This implies that during the arm movement toward an actual
target, the virtual target point on the head is also set to efficiently
retract the palm to the virtual target on the head at any time. The
virtual destination on the head is defined as Pm and the trajectory
VD (ti) to Pm is set up while the hand moves within workspace
of the arm as part of its reaching task [see Fig. 2(b)]. Note that
the scope of the research is limited to the swivel angle estimation
for the unconstrained and natural reaching/grabbing activity of
the human arm. Here, the unconstrained reaching/grabbing task
means that there are no obstacles between the human and the
target.

This hypothesis is supported by the intracortical stimulation
experiments to evoke coordinated forelimb movements in the
awake primate [22], [23], [24]. It has been reported that each
stimulation site produced a stereotyped posture in which the
arm moved to the same final position regardless of its pos-
ture at the initial stimulation. In a more recent study, Step-
niewska et al. [24] systematically mapped the parietal lobe of
prosimians using electrical stimulation and found distinct func-
tional zones in which different types of movement were evoked.
These movements included eye movements, reaching, bring-
ing the hand to the mouth, aggressive displays, and defensive
movements [22], [24]. In the most complex example [23], the
monkey formed a frozen pose with the hand in a grasping posi-
tion in front of the open mouth. The reported experimental result
implies that during the arm movement toward an actual target,

Fig. 2. (a) Human wearing 7-DOF upper limb exoskeleton that supports 95%
of the workspace of the human arm. (b) Graphical representation of the pro-
posed redundancy resolution criterion indicating that for the given wrist position
PW (ti ) at any given time ti , there is a virtual path VD (ti ) toward the subject’s
head.

the virtual target point on the head can be set for the potential
retraction of the palm to the virtual target [see Fig. 2(b)].

A. Manipulability Ellipsoid and Redundancy
Resolution Criteria

The principle concept that is stated as part of the hypothesis is
associated with the manipulability ellipsoid. For the combined

arm joint velocities satisfying the condition stated as Σn
i=1 θ̇i

2
=

1, the hand velocity as a function of the arm joint velocity is
described by an ellipsoid known as the manipulability ellipsoid.
The orientation of the ellipsoid with its three major axes is
defined by the eigenvectors of the Jacobian and the lengths of
the major axes are defined by the eigenvalues of the Jacobian
[25]. The largest among the major axes of the manipulability
ellipsoid defines the direction in which the hand is more likely
to move and the best mapping between the arm joint space and
the end-effector (hand) Cartesian space [see Fig. 3(b)] [26].
Point Pm is defined as the attraction point for the head and
point Pw defines the location of the wrist joint position. A
straight virtual trajectory is then defined passing through points
Pm and Pw [see Fig. 2(b)]. Then, the proposed criterion for
the arm redundancy resolution is such that the selected swivel
angle for the natural arm posture is chosen in a way that the
projection of the longest axis of the manipulability ellipsoid
onto the virtual trajectory (Pm − Pw ) is maximized. By doing
this, the proposed hypothesis in the previous section can be
mathematically formulated as follows.

1) Manipulability Ellipsoid on the Wrist: Let the plane S
be defined by three point Pw , Pe , and Ps . The longest axis of
the manipulability ellipsoid is aligned along plane S and its
magnitude σ1 is defined as

σ1 =

√
((L2

ws + L2
we) + (L2

ws + L2
we) c1)

2

c1 =
√

1 − c2 , c2 = 4L2
weL

2
ws sin(ϕ)2/

(
L2

ws + L2
we

)2

where Lws = ‖Pw − Ps‖ and Lwe = ‖Pw − Pe‖. This result is
based on the following derivation and only the right-hand side
is considered for analysis.

Proof: A new coordinate frame is defined with an origin at
Ps [see Fig. 3(a)] for the computational purpose. In this frame,
the z-axis is orthogonal to the plane S and the x-axis is aligned
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Fig. 3. New coordinate system composed of Pw , Pe , Ps , and Pm . (a) Each element Ji in the Jacobian matrix is defined with respect to the newly defined
frame on the shoulder where the x axis is defined as (Pw − Ps )/‖Pw − Ps‖ and y-axis sits on the plane S composed of Pw , Pe and Ps . The new frame on the
shoulder is defined for the convenience of the calculation. (b) Manipulability ellipsoid on the wrist position. u1 ,u2 , and u3 indicate the three major axes of the
ellipsoid with magnitude of σ1 ,σ2 , and σ3 . (c) Highest manipulability direction vector u1 projected on the (Pm − Pw )/‖Pm − Pw ‖ is marked as an arrow along
(Pm − Pw ) and its magnitude can be represented as ‖u1‖ cos(α) cos(β). (d) It shows the specific elbow position for the given wrist position that maximizes the
manipulability projected on the virtual trajectory. In this configuration Pm ,Ps ,Pe , and Pw are on the same plane.

with the vector (Pw − Ps). Then, the relationship between the
end-effector velocity Ṗ = [ẋw ˙yw ˙zw ]T and the joint velocity
θ̇1234 = [θ̇1 θ̇2 θ̇3 θ̇4 ]T is defined as follows:

Ṗ = Jθ̇1234 = [J1J2J3J4 ]θ̇1234 ,

Ji =
{

ω
′
i × (Pw − Ps), i = 1, 2, 3

ω
′
i × (Pw − Pe), i = 4

(9)

where ω
′
i denotes the rotation axis of the ith joint. By introducing

a new variable ϕ [see Fig. 3(a)] to represent J4 and using the
fact that ω

′
1 = �x, ω

′
2 = �y and ω

′
3 = �z in Fig. 3(a), we have

Ṗ =

⎛
⎜⎝

0 0 −Lwe sin(ϕ)

0 Lws Lwe cos(ϕ)

−Lws 0 0

⎞
⎟⎠ θ̇234 = J234 θ̇234 (10)

where the full derivation for (10) can be found in [7]. According
to the singular value decomposition, J234 can be represented as
J234 = UDVT where U = [u1u2u3 ], V = [v1v2v3 ] and D =
diag[σ1σ2σ3 ]. The ui in the left singular vector U indicates one
of the three axis constructing the manipulability ellipsoid and
singular value σi in D indicates the magnitude of the ui as
shown in Fig. 3(b). Note that ui and σi are the eigenvectors and
square root of the nonzero eigenvalues of J234 · J∗

234 . Solving
det (J234 · J∗

234 − λI) = 0 allows to obtain ui and σi(=
√

λi).
Based on Sarrus’s rule [25], the following expressions for the
eigenvalues are obtained

λ1,2 =

(
L2

ws + L2
we

)
±

(
L2

ws + L2
we

)
c1

2
, λ3 = L2

ws

(λ1 > λ2) , c1 =
√

1 − c2 ,

c2 = 4L2
weL

2
ws sin(ϕ)2/

(
L2

ws + L2
we

)2
.

One may note that 0 ≤ c2 ≤ 1 and 0 ≤ c1 ≤ 1 such that λ1,2
are not complex numbers. The relationships between λ1 , λ2 , and
λ3 , is studied by using two individual cases

case1 : (Lws ≥ Lwe)

λ1 − λ3 =

(
L2

ws + L2
we

)
+

(
L2

ws + L2
we

)
c1

2
− L2

ws

≥
(
L2

we − L2
ws

)
+

(
L2

ws + L2
we

)
cmin1

2

=

(
L2

we − L2
ws

)
+

(
L2

ws + L2
we

)√
1 − cmax2

2

=

(
L2

we − L2
ws

)
+

√
(L2

ws − L2
we)

2

2
= 0 (11)

where cmin1 and cmax2 are the minimum and maximum value
of c1 and c2 , respectively. The term cmax2 in (11) is defined as

cmax2 = max(4L2
weL

2
ws sin(ϕ)2)/

(
L2

ws + L2
we

)2

= 4L2
weL

2
ws/

(
L2

ws + L2
we

)2

case2 : (Lws < Lwe)

λ1 − λ3 =

(
L2

ws + L2
we

)
+

(
L2

ws + L2
we

)
c1

2
− L2

ws

≥
(1 + cmin1)

(
L2

ws + L2
we

)
2

− L2
ws

=

(
L2

we − L2
ws

)
2

≥ 0 (12)

where the first inequality in (12) is based on the fact that cmin1 =
min[c1 ] = 0. The second inequality in (12) is valid since Lws <
Lwe . Therefore, we conclude that λ1 ≥ λ3 for all possible values
of Lws . It implies that the magnitude of the longest axis in the
manipulability ellipsoid is

σ1 =
√

λ1 =
√

((L2
ws + L2

we) + (L2
ws + L2

we) c1)/2. (13)

Based on the fact that the direction of the major axis of the
manipulability ellipsoid corresponds to the eigenvector of the
following (14), the eigenvector u1 is obtained by applying the
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corresponding eigenvalue λ1 to λ in the following equation:

(J234 · J∗
234)X = λX,X = [x y z]T . (14)

Then, the direction of the eigenvector X in (14) is defined as

y =
λ1 + L2

we sin(ϕ) cos(ϕ)
−L2

we sin(ϕ)2 x

=
(
− λ1

L2
we sin(ϕ)2 − 1

tan(ϕ)

)
x, z = 0. (15)

Considering the joint limit of the exoskeleton robot [6], it is
assumed that 0 < ϕ ≤ π/2. Note that when ϕ = 0, the arm is
in a singular position. Then, based on the fact that λ1 > 0, the
slope in (15) becomes negative. Fig. 3(c) depicts the direction
of u1 on plane S.

2) Optimum Swivel Angle: Given the constraint
∑n

1 θ̇2
i =

1, the longest axis of the manipulability ellipsoid defines the
best mapping between joint and task space, and the direction
along which the hand is more likely to move than any other
direction. The optimum swivel angle is, therefore, defined such
that the projection of the longest axis u1 on the vector (Pm −
Pw ) is maximized for the given wrist position as in (16). Note
that (Pm − Pw ) is the shortest path between the wrist and the
attraction point at the head

φ = arg max
α,β∈[0 π

2 ]
uT

1 (Pm − Pw )

= arg max
α,β∈[0 π

2 ]
‖u1‖‖Pm − Pw‖ cos(α) cos(β) (16)

where α and β indicate the angle between (Pm − Pw ) and
plane S, and the angle between u1 and the projection of (Pm −
Pw ) onto S equivalently (Px − Pw ) [see Fig. 3(c)]. Note that
the projected portion of u1 onto (Pm − Pw )/‖Pm − Pw‖ is
represented as ‖u1‖ cos(α) cos(β) marked as a vector pointing
at Pm on (Pm − Pw ) in Fig. 3(c). By introducing γ which is
the angle between (Ps − Pw ) and (Px − Pw ) from Fig. 3(c),
we know

cos(β) = cos(π/2 − γ − ψ) = sin(γ + ψ) (17)

= c3 sin(γ) + c4 cos(γ)

=
c3‖Px − P

′
c‖ + c4‖P

′
c − Pw‖

‖Px − Pw‖
(18)

=
c3‖�f ′ · Pc −Pe

‖(Pc −Pe )‖‖ + c4‖P
′
c − Pw‖

‖Px − Pw‖
(19)

=
c3‖�f ′ ‖ cos(η) + c4‖P

′
c − Pw‖

‖Px − Pw‖
(20)

where c3 and c4 are cos(ψ) and sin(ψ), respectively. Note that
(17) is based on the fact that (γ + ψ) ≤ π/2 and P

′
c in (18) is the

projection of (Pm − Pw ) onto �n as shown in Fig. 3(c), η in (20)

is the angle between �f ′ , which is �f − (�f · �n)�n in Fig. 3(c), and
(Pc − Pe). Based on the fact that cos(α) = ‖Px − Pw‖/‖Pm −

Pw‖, results in

cos(α) cos(β) =
c3‖�f ′ ‖ cos(η) + c4‖P

′
c − Pw‖

‖Pm − Pw‖
= c5 cos(η) + c6

where constants c5 and c6 are c3‖�f ′ ‖/‖Pm − Pw‖ and c4‖P
′
c −

Pw‖/‖Pm − Pw‖. Plugging (21) into (16), results in

φ = arg max
α,β∈[0π/2]

= [‖u1‖‖Pm − Pw‖ (c3 cos(η) + c4)].

(21)
When η = 0, (21) is maximized and consequently α in (21)
becomes zero. Under this condition, plane S is coplanar with
the plane defined by Pm , Ps , and Pw as shown in Fig. 3(d).
Therefore, the swivel angle satisfying (21) for a given Pm , Pw ,
and Ps is computed as follows:

�f = Pw − Pm , �f ′ = �f −
(

�f · �n
)

�n, φ

= arctan 2
(
�n ·

(
�f ′ × �u

)
, �f ′ · �u

)
. (22)

Once the swivel angle estimation is completed, the actual joint
angles {θ1 , θ2 , θ3 , θ4} can be computed by solving the following
equations [19]:

T1T2

[
Peo

1

]
=

[
Pe(φ)

1

]
, T1T2T3T4

[
Pw 0

1

]
=

[
Pw

1

]
(23)

where Pe(φ) is the elbow position computed by combining (3)
and (22). Note that Pw 0 and Pe0 in (23) represent the initial
position of the wrist and the elbow based on the exponential
coordinates approach. The complete derivation to solve (23)
also can be found in [19]. Then, by substituting the computed
joint angles with θc (t) in (8), desired joint angles to control
exoskeleton robot are defined based on (7). Based on (22), it can
be shown that a singularity occurs when �f ′ and �u are aligned.

IV. EXPERIMENTAL METHODOLOGY

A. Subject Definition

Ten right-handed healthy subjects(eight were males and two
were females) participated in the experiment. The average age
was 32 years. Based on the collected kinematic data, the swivel
angles (φact) were directly measured and compared with corre-
sponding values estimated by the proposed algorithm in (22).

B. Experimental Tasks

Three types of experimental protocols were derived from
activities of daily living which included 1) arm reaching and
pointing, 2) object manipulations both from a reference point
to predefined locations in space in an unconstrained environ-
ment as well as 3) arm reaching and grasping while following a
constrained trajectory. Fig. 4(c), (d), and Table II define the the
three experimental setups.

1) Body Postures: Each subject was tested in a sitting pos-
ture with his/her torso restrained from torsional movements. The
distance between the subject and the table was adjusted based on
the length of the subject’s arm in order to a avoid a full stretch of
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Fig. 4. (a) Positions of LED markers: Shoulder(Arcomioclavicular joint), El-
bow(Lateral edge of the Ulna), Wrist(Medial and Lateral edge of the distal end
of the radius and ulna), Palm(between 2 and 3 metacarples) and Torso(Upper
and lower sternum). (b) Pch is the origin of the frame Fch and Po is the offset
between Pch and Pm . Homogeneous transform matrix T ch

sh is defined between
frame Fsh and Fch . (c) Target locations and dimensions: height of the table-top
from the ground = 736.6 mm. (d) Three types of reaching tasks. In condition “A”
and “B” of type one, torso is facing “b” and “a” of the task space, respectively,
while the condition “C” is with the torso turned 45◦ counterclockwise off the
Sagittal alignment and abducted hand points “c.”

the arm (singular configuration). For the type one protocol in the
left box of Fig. 4(d), each subject was positioned with respect
to the table in three different body postures. In body posture A,
the subject faced the table and his/her body was position such
that the table and the subject’s body center lines were aligned.
In body posture B, the subject faced the table as previously but
center line was shifted to the left such that it was aligned with
the edge of the table. In body posture C, the body of the sub-
ject alignment was the same as in (B) but the torso was rotated
by 45◦ counterclockwise. For the remaining two protocols, the
body is in posture A.

2) Targets and Objects: In the type one protocol, the subject
used his/her index finger to point to the designated targets. In the
type two protocol the subjects grasped a ping-pong (PP) ball and
a water bottle (WB) with the orientation of the wrist determined
by themselves. The two objects were selected to see the effect
of the wrist orientation on the swivel angle during object manip-
ulations. Given the ping-pong ball geometry it has a negligible
effect on the wrist orientation as opposed to the water bottle
that dictates a specific final orientation and, therefore, affects
the wrist orientation. The subjects repeat the experiments for
the two different directions (LR: Left and Right) and (BF:Back
and Forth) that resulted in four different tasks (LR:PP, LR:WB,
BF:PP, and BF:WB). In the type three protocol, the subject
grasped a cabinet door handle. This protocol strictly determines
the wrist orientation.

3) Sequence: Each subject was instructed to position the
hand in an initial location (“o” or “x”) and then move the hand
in a self-paced fashion between predefined locations as defined
in Fig. 4(d). The sequences are defined in Table II.

C. Data Collection

The kinematic data of the human arm are collected using the
Phasespace motion capture system (Phasespace, Inc.) including
eight cameras with submillimeter accuracy. Active LED makers
were attached to a subject’s body at key anatomical locations
including shoulder(Ps), elbow(Pe ), wrist(Pw ), and chest(Pch )
[see Fig. 4(a)]. The markers’ locations were sampled at 240 Hz.

D. Data Post Processing: Optimum Pm Estimation

Given the anthropometric differences between the subjects,
the optimal target location Pm for each subject was calculated.
The human body is considered to be symmetric and torsional
movement of the torso is ignored. The LED markers Pch on the
chest (see Fig. 3) as well as Pm are, therefore, located on the
Sagittal plane [see Fig. 4(b)]. A reference frame Fch is attached
to Pch . As a result, the location of Pm is represented by a fixed
vector (time invariant) Po expressed in frame Fch (the Sagittal
plane) as follows:[

Pm (t)

1

]
=

[
Pch(t)

1

]
+ T ch

sh (t)
[

Po

1

]
(24)

where Po is a vector representing a constant time-invariant trans-
lation offset from Pch expressed in frame on Pch and T ch

sh is the
homogeneous transform matrix between the frame attached to
the shoulder and the frame attached to the chest as depicted in
Fig. 4(b). Then, according to (22), the optimum offset Po is
chosen to minimize the difference between φ(t)est , estimated
swivel angle based on (22) and φ(t)act , calculated swivel angle
given the measured joint angels

arg min
y ,z∈Us

∫
y

∫
z(∫ tx +T

tx

|φ(t)act − φ(t, Po(y, z))est |dt

)
dzdy (25)

where Us represent (y, z) coordinate pairs on the Sagittal plane
[see Fig. 4(b)]. Since it is assumed that Pm is located on the
Sagittal plane, xopt is same as the x-coordinate of Pch(t). Only
a subset of the data were used to calculate the optimal location
of Pm , as a result, T in (25) corresponds to 1/5 of total data
recording time. The estimated location of (y, z) defining Po is
summarized in the last column of Table I. In addition Fig. 5
shows the realtime trajectory of Pm with respect to the right
arm shoulder position. It appears that the trajectory is around
the actual head region. However, note that due to the limited
accuracy of the motion captures system, position of the marker
on each joint and the lack of scapular movement in the human
arm model, the estimated Pm for each experimental task is not
identical.

V. RESULTS

A. Swivel Angle Estimation

For the performance estimation, the mean and stan-
dard variation of the absolute difference e(t) = |φ(t)act −
φ(t, Po(x, z))est | between the the measured swivel angle
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TABLE I
AVERAGED ABSOLUTE DIFFERENCES BETWEEN MEASURED AND ESTIMATION SWIVEL ANGLES

Fig. 5. (a) and (b) shows exemplary plots of Pm (t) for all task types from one
subject. Upper and lower rows indicate the front and side views of (looking at the
right shoulder) Pm with respect to the shoulder(reference frame) in millimeter
scale. Black empty circles indicate the right arm shoulder position Psh . Pm

is individually estimated for each experiment and marked as a different color
depending on the task type.

Fig. 6. (a) ANOVA test with respect to types of tasks (P<0.05). 1, 2, and 3
in y-axis means the type one task A, B, and C. 4,5,6, and 7 in y-axis mean the
type two LR:PP, LR:WB, BF:PP and BF:WB, respectively. 8 in y-axis means
the type three task. (b) ANOVA test with respect to different subject (P<0.05)

collected from the subjects during the experiments and the
estimated swivel angle based on the proposed criterion were
calculated. The performance estimation results for all the tasks
are summarized in Table I. The same difference is plotted for
multiple repetitions of two subjects in Figs. 7–9. The periodic
nature of these plots are due to the multiple repetitions of the
same task. The swivel angle differences are in the range of 2.1◦–
8.1◦ for type one protocol, 3.5◦–9.4◦ for type two protocol, and
2.7◦–6.2◦ for type three protocol. Averaging the difference of
the swivel angle across the entire data base indicates that the
estimated value is different by less than 5◦ from the measured

TABLE II
SUMMARY OF EXPERIMENT PROTOCOL

Fig. 7. Comparison between estimated swivel angle(dotted line) and calcu-
lated swivel angle(solid line) for type one task. Each row shows the comparison
result for type one(A), (B), and (C) from the subjects. The first and second
columns are from subject 1 and 2, respectively.

value. In Fig. 6, two ways ANOVA analysis of the data with a
confidence level of 95% indicated experimental protocol type
two (LR:PP) is significantly different from all the other tasks
and there are no significant difference between the subjects.

There are several sources for error resulting from: 1) inherent
measurement error generated by the motion capture system, 2)
torso rotation that took place in spite of the physical constraints,
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Fig. 8. Comparison between estimated swivel angle(dotted line) and calcu-
lated swivel angle(solid line) for type two task. Each row shows the comparison
result for type two(LR:PP), (LR:WB), (BF:PP) and (BF:WB). The first and
second columns are from subject 1 and 2, respectively.

Fig. 9. Comparison between estimated swivel angle(dotted line) and calcu-
lated swivel angle(solid line) for type three task. The first and second columns
are from subject 1 and 2, respectively.

3) imperfect sensor locations with respect to the anatomical
body structures and the associated flexibility of the skin. Specif-
ically in type two protocol, BF:PP and BF:WB showed similar
error levels in Table I. It implies that hand orientation caused
by the different types of object did not affect the estimation
result. On the other hand, in the LR task, relatively high errors
were observed in LR:PP. Considering the fact that LR:WB task
more restricts the wrist orientation than LR:PP task does, we

Fig. 10. Swivel angle comparison from a single subject for type one(A). The
solid, dotted(Swivel angle 1) and dash-dot(Swivel angle 2) line indicate the
measured swivel angle, the swivel angle based on the proposed criterion and the
swivel angle based on the dynamic criterion [11]

concluded that the torsional movement was not properly con-
trolled in type 2 LR:PP task.

B. Comparison With Other Constraint

To demonstrate the superiority over the other approaches,
a direct comparison result with other criterion is presented in
Fig. 10. Since we proposed the new redundancy resolution cri-
terion in the kinematic level, the dynamic level criterion in [11]
was selected for the comparison of estimation result. In this pa-
per, the redundancy of the human arm movement based on the
7-DOF arm model was resolved by minimizing the magnitude
of total work done by joint torques for each time step. This dy-
namic criteria had generated satisfactory prediction of the joint
space trajectory for the fundamental motions of the human arm,
such as the shoulder adduction/abduction, flexion/extension, in-
ternal/external rotation and the elbow flexion/extension.

The result in Fig. 10 shows the comparison result for a single
subject who performed the type one A task. It shows that the pro-
posed swivel angle estimation algorithm shows a better estima-
tion performance. This might come from the fact that in our ex-
perimental condition, the speed and acceleration of each joint is
restricted and low in most time duration. Let Q̈ = [q̈1 , q̈2 , q̈3 , q̈4 ]
and Q̇ = [q̇1 , q̇2 , q̇3 , q̇4 ], where qi represents the joint angle for
the ith DOF. Then, the basic dynamic equation of the human arm

can be defined as T = MQ̈ + C
(
Q, Q̇

)
Q̇ + G (Q) where M ,

C
(
Q, Q̇

)
and G (Q) represent the matrix of moment of in-

ertia, the centrifugal/coriolis forces and the gravity force, re-
spectively. When the speed and acceleration of each joint get
close to zero, the basic dynamic equation of the human arm can
be approximated as T ≈ G (Q). In this case, the gravitational
force becomes dominant and the swivel angle minimizing the
magnitude of total work results in the elbow placed at it’s lowest
position, which does not explain the specific arm configuration
in a static posture.

C. Application on the EXO-UL7

As a proof of concept the swivel angle estimation algorithm
was incorporated with the admittance control for the upper limb
exoskeleton EXO-UL7 [27]. A single subject performed a task
involving the inversion of a peg-in-hole while wearing the ex-
oskeleton. For each repetition, the swivel angle estimation was
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Fig. 11. Energy exchange plot between EXO-UL7 and one subject as a proof
of concept test

randomly turned ON or OFF and the energy exchange between
the subject and the the device was measured to assess controller
performance. Fig. 11 shows the averaged energy exchange be-
tween the device and the user for both conditions. When the
swivel prediction was added to the admittance control there was
a 20% decrease in an energy interaction.

VI. CONCLUSION AND DISCUSSION

The goal of this study was to propose a criterion for resolving
the human arm redundancy, verify and validate it experimen-
tally and test it in a wearable robotic application. The proposed
criterion is based on the idea that the head encapsulates a clus-
ter of sensors and includes the input to the digestive system
which is critical to sustain the life of any organism. As such the
head serves as a target in a large number of unconstrained arm
movements (e.g., arm reach in an unconstrained environment).
It was hypothesized that the hidden mechanism of human arm
reaching task is to bring an object grasped by the hand toward
the head. The swivel angle was defined as an expression of the
human arm redundancy. The criteria for the redundancy resolu-
tion stated that at any point in time and arm configuration during
a reaching task in an unconstrained environment, the projection
of the largest manipulability vector onto the virtual trajectory
connecting the wrist with the head region is maximized. The
experimental results indicated that the difference between the
estimated swivel angle based on the proposed criteria and the
swivel angle adapted by the subjects during the experiments is
less than 5◦ on average. The experimental results also indicated
that even in cases in which an object is grasped by the hand
in a way that orienting this object is done within the range of
motion of the wrist joint, the shoulder and elbow joint angle is
not affected and the proposed criteria provides a good estima-
tion for the swivel angle. Previous studies indicated that once
the wrist joint has reach its maximal range of motion (e.g., full
flexion imposed by a neurological disability such as Stroke) the
shoulder and elbow joint will be affected [3].

The proposed criteria for the human arm redundancy resolu-
tion along with the kinematics equations of the arm provides a
closed form mathematical solution for the human arm inverse
kinematics. As such it is suitable to be incorporated into a real-
time control algorithm of a 7-DOF upper limb wearable robotic
system (exoskeleton). Experimental results indicated that the
power used to control a wearable robotic system using an admit-

tance control was reduced by 20% while using the proposed cri-
terion compared to the same algorithm without it. In addition, the
proposed algorithm does not require the iterative operations and
complex matrix inversion commonly required in many optimiza-
tion algorithms. As a result, the computational requirements are
low and the solution is numerically stable that makes it suit-
able to be incorporated into a real-time control algorithm of an
exoskeleton wearable robot, humanoid robot, or 3-D computer
graphic model. Additional applications of the proposed criterion
for redundancy resolution out of the scope presented in this study
may be in computer animation of the human arm movements.
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