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An analytical model for the ergometer rowing: inverse multibody dynamics analysis
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A model for the ergometer rowing exercise is presented in this paper. From the quantitative observations of a particular
trajectory (motion), the model is used to determine the moment of the forces produced by the muscles about each joint.
These forces are evaluated according to the continuous system of equations of motion. An inverse dynamics analysis is
performed in order to predict the joint torques developed by the muscles during the execution of the task. An elementary
multibody mechanical system is used as an example to discuss the assumptions and procedures adopted.
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1. Introduction

In recent years, ergometer rowing has become a new
competitive sport, a training for on-water race pace rowers or
simply an indoor exercise for healthy purposes. This rowing
motion is a continuous movement consisting of a stroke
phase and arecovery phase, during which the rower glidingly
returns to the initial position. To perform this movement,
several factors contribute to minimise the energy (see
Baudouin and Hawkins (2004) and the references therein).
The main objective of this work is to provide a better
understanding of the correlation between the human skeletal
data, the initial position and the torques imposed on the joints.
Then the necessary intra-muscular control can be identified.

The force generated by the biological system has been
evaluated by the analysis of experimental data for the
rowing exercise (see Pudlo et al. (2005) and the references
therein). Non-invasive techniques cannot estimate the
muscle forces accurately, and mathematical models are
required to predict such forces. In spite of the uncertainty of
the anthropometric and kinematic input data needed for the
inverse dynamics procedure, due to inaccuracies of the
testing equipment (see Riemer et al. (2008), Robert et al.
(2007) and the references therein), it is essential that a
correct model exists in order to evaluate the internal
moments about the various body joints. Indeed, the
development of computational methods in the last few
decades produced a large impact in the assessment of
theoretical models. The need for adoption of non-linear
behaviours is also indisputable. Here a non-linear
mathematical model is adopted, and dynamic descriptions
and interpretations are presented for a simple performance

of the referred activity. The Lagrangean method is applied
to both 2D and 3D segment representations. The comparison
with the classical Newton—Euler recursive procedure makes
it possible to assess the simplicity of this method.

In this paper, a mathematical model defined by a system
of ordinary differential equations (ODEs) is proposed and
implemented. The aim is to study the coupled system of
equations of motion describing body-segmental dynamics.
To establish the best performance during ergometer rowing,
it is important to collect all the corresponding data in order to
determine the torques at the joints generated to maintain the
movement.

In previous works an algorithm for a 2D inverse
problem was presented (see Hahn et al. (2005), for
instance). A simple 2D model for rowing seems to be
adequate when the study is restricted to the performance of
the legs in a planar configuration.

The equations of motion of the constrained biomecha-
nical system are assembled using rigid bodies describing
the anatomical segments interconnected by ideal joints.
In our rigid segment assumptions, the shoulder and elbow
joints have three rotational degrees of freedom, and the
other joints are represented by hinges with one degree of
freedom in flexion and extension in the sagittal plane.
The movement is assumed to have a bilateral symmetry.
The torso is not described by a unique rigid body but it is
decomposed into the pelvis and the thorax, and care is
taken of their interaction (the thoraco-lumbar angle).
The pattern of extension/flexion of each joint is precisely
studied. Kinematic data are acquired from the literature.

In the next section, the dynamical model characterised
by the system of equations of motion is stated. Section 3
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Figure 1. Schematic representations of the catch position.

presents and discusses the numerical results. The response
of the model when some data are taken into account is then
analysed. In Section 4 some conclusions are drawn and
some open problems are listed. The ability of the model to
evaluate the contribution of each torque joint is compared
with the predictions. Finally, explicit formulas are
presented in the Appendix.

2. Model

Ergometer rowing is a cyclic movement in which the
subject pulls a handle that is connected to the flywheel that
generates the rowing resistance. The rowing cycle is formed
by the rower sliding back and forth along a monorail
through the action of cyclical extension and flexion of the
lower limbs. The propulsion phase begins at the catch
position (i.e. full flexion of the lower limb and lumbar joints,
and full extension of the upper limb joints, see Figure 1) and
ends when the configuration characterised by full extension
of the lower limb joints and full flexion of the upper limb
joints is reached (see Figure 2). This phase is followed by
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Figure 2. Schematic representation of the final position of the
drive phase which coincides with the initial position of the
recovery phase.

the return of the rower to the catch position of the next cycle,
known as the recovery phase. It is assumed that the friction
forces generated at the sliding seat during the rowing cycle
are minimal, and are thus neglected.

The movement is formed by the trajectories of the
joints in the Cartesian space. The human body model can
be described by the feet at the cradle and by eight segments
(the shank, the thigh, the pelvis, the head—trunk, the two
upper arms and the two forearms including the hands).
This 3D articulated linkage has its rigid body segments
joined together by frictionless revolutes. The problem can
be formulated, in matrix form, as

I(q)q = B(q,¢) + G(¢) + T, ey

where ¢ = (qi, ..., qg) are the generalised variables, 1(q)
is the inertia mass matrix, B(q, ¢) represents Coriolis and
centrifugal effects, G(g) gravitational and external effects
and 7 the internal moments of force.

2.1 Kinematic equations

Since the exercise is symmetric at any instant of time ¢ > 0,
the movement can be considered to take place in the plane
Oyz, except for the set shoulder—elbow—wrist/hand (see
Figure 3). However, the initial position of the human body,
which corresponds to the beginning of the rowing exercise,
can be completely described in the plane Oyz (Figure 1).
The origin of the 3D Cartesian reference frame is
considered to be located at the ankle articulation
(Figure 1(b)), and the position of each centre of mass is
denoted by (x;, y;, z;) where i=1,...,6 correspond,
respectively, to the segments: (1) shank, (2) thigh, (3)
pelvis, (4) head—trunk, (5) right upper arm and (6) right
forearm—hand. The angles formed by the segments are
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Figure 3.  Schematic representation of an intermediate position.

denoted by eankle, gknee’ Olumbo—sacral’ Othoraco—lumbar and
Oc1bow (see Figure 1). Foreachi =1, ..., 6, m; denotes the
mass of segment i, r; the distance between the centre of
mass of each segment and the distal end and /; the length of
segment i from the distal to the proximal end. Notice that
ms and mg are the masses of the two upper arms and
forearms, respectively. Since the hand is closed, it is
assumed to be without length. The centre of mass of the
shank is given by

X1 =0
Vi :r]cosq]
z1 =ri8ingr,  q1 = ke + @,

where « is the fixed angle of the foot’s support. The centre
of mass of the thigh is given by

Xy = 0
v = [1C0S g1 — €08 ¢

= llSinq1 - FZSinqL 42 = Uankle +a— Oknee-

The seat position yields the following constraint which
is introduced by the position of the hip at the horizontal
level z = 0 and the fixed length of the thigh

llsin q1 = leiH q2,

and consequently

l2
cosqy =/1— l—;sinqu.
2

These conditions lower the problem’s dimension by
one unit, but the last equation poses some difficulties to the

calculations. So g, will be kept as an unknown variable and
only z3 is simplified in the following kinematic equations
of the centre of mass of the pelvis

X3 = 0
y3 = ljcos g1 — hcos gy + r3c0s q3

73 = 138ing3, g3 = g2 + BGumbo-sacral-

Also z4, in the kinematic equations of the centre of
mass of the head—trunk, is taken as

X4 = 0
y4=11cosq; — lrcosqgy +13c08 g3 +r4c08qy

24 =I3sing3 +r4sings, q4=gq3 — 180° + Binoraco-tumbar-

The position (xs, ys, z5) of the centre of mass of the
right upper arm is given, as a function of the spherical
coordinates gs and ge, by

X5=T;5 SiI’IQ5 sinq6
ys=11cosq; — l,cosqa+13c08q3+14c08qs +r58ings cosqe

75 =1[35ing3+148ing4 — r5Cc0Sqs.

The centre of mass of the left upper arm is positioned at
(—xs, ¥s, z5). The position (xg, ye, Z¢) Of the centre of mass
of the right forearm is given, as a function of the spherical
coordinates ¢, and gg, by

X¢=I5singssinge +resing7singg

Ye=Il1cosq; —l,cosqr+13c08q3+14c08q4+155ing5c0s ge
+rgsingycosqg

Z6=1[13sing3 +148inq4 — I5c0sgs — recosqy.

@)

The centre of mass of the left forearm is positioned at
(= X6 Y6» 26)-

If we consider x; =0, so that the movement is
correctly executed, the angles measured at the elbow
between the two segments are known since the complex
shoulder—elbow—wrist/hand is well defined by the angles
qs and g, and the wrist—hand position (0, y7, z7). Indeed
the right forearm segment is also constrained by the
position of the complex wrist—hand at the handle
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displacement (0, y7, z7), i.e.

X6 = (1 - r—f’) l5sinq5sinq6

le
Vo= (1 —%) [[icosq) — [rcosgy+13c0sq3 +14c08q4

+Issingscosqge] 72y

6= (1 - ?_:) [l3sings +14singy — [5c08¢s] +§_:Z7'

(3)
Moreover, the wrist—hand position at the handle
displacement (0, y;, z7) belongs to the spherical surface
centered at the elbow articulation with radius /g:
(Issin gssin qﬁ)2 + (ljcos g1 — lrcos gz + [3c0s g3
+ l4c08 g4 + I5s8in g5c08 gg — y7)2
+ (Izsin g3 + lysin gy — Iscos gs — z7)> = lé.
Although this constraint also lowers another dimension

to the problem, ¢, and gg are kept as unknown variables in
order to simplify the calculations.

2.2 Motion equations

The equations of motion can be derived by means of the
Lagrange method. With ¢ = (qy, ..., ¢gg) and (x;, y;, z;) as
above, consider the Lagrangean operator

o /1
Ligy, ..., q8) = Z <§ mi(G)* + G + (@)?) — migZi>

=1
8

+ Z 1i(g)*,
=

representing the algebraic sum of the kinetic and the
potential energies. The problem is defined by the equations

k=1,...,8)
d (oL oL
d_(_> ——=F )
1 \9qy 0qk
with
T, — T, -

Ty — T3 — (lxcos g2 — 1108 q1)Fgen
T3 — T4 + (lcos q2 — licos q1)Fseat

Ty —Ts
F=1r 1
Te — Ty
T7 +y:F7, — z7F 7y
Ty

where each T7; denotes the kth joint torque in the
x-direction (k=1,...,5), Ts the fifth joint torque in
the z-direction, and 75 and Tg the sixth joint torque in the
x- and z-directions, respectively, which are assumed constant
and independent of the angular displacement of the joint.
The vector (0, 0, F.,) denotes the vertical force applied by
the sliding seat on the rower ischia, and Fhange =
(0, F7y, F7;) represents the external force generated by
the flywheel’s mechanism and the air resistance trans-
mitted to the two hands. Note that the moment of the
reaction force at the foot cradle, Fyeicher = (0, F1y, F17),
vanishes because this force is located at the origin of the
coordinate system.
Indeed, rewriting the Lagrangean operator as

6

IS-
Ly - 98) =5 > aili@i; — gy mizi(g),

ij=1 =1

and observing that the inertia mass matrix / is symmetric,
it is possible to obtain (1) from (4) providing that

8 .
d[,‘k laI,
B S — 'i _ - iy .
(g, 9 [5 q(aq, zaq">qu1 8

ij=1
L—l .8

s

6

0z;
cp=—-|>m
q l; 890,

0

—(lycos g2 — 11€08 g1 )F seat
(lrcos o — 1108 q1) Fgear

0
G(g) = C(g) +

Explicit expressions are given in the Appendix.
Then the inverse multibody dynamics analysis can be
stated as

11 .. 10107
01 ..1010
T,
T
=100 -.1010]| I@i—Blg,y—G@). (5)
r| |00 .0ro1
00 ..0010
00 ...0001]
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Table 1. Body segment parameters (McConville et al. 1980).
Shank Thigh Pelvis Head—trunk
i=1 i=2) i=3) i=4

m; (kg) 7.5 15.2 10.5 313

r; (m) 0.274 0.251 0.1 0.143

[; (m) 0.435 0.4 0.2 0.475

I; (kgm) 0.065 0.126 0.08 1.39

Table 2. Upper limbs segment parameters (McConville et al.
1980).

Upper arm (i = 5) Forearm—hand (i = 6)

m; (kg) 3.5 2.3

7 (m) 0.15 0.12

[; (m) 0.33 0.27

I, (kgm) Is = 0.01 1; = 0.006
L. I = 0.01 Is = 0.006
3. Results

This section is divided into theoretical and numerical
results.

3.1 Theoretical results

At the initial drive phase (0—20%), both the upper limbs
are fully extended (Oepow = 180°) and located at the
sagittal plane (g¢ = 0), i.e. x = 0. Thus it follows that

(Is + 16)* = (Ya(t) — y7(0)* + (Za(t) — z2(1))*,  (6)

20 40 60 80

1 (%)

100
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473

where (0, Yy, Z4) denotes the 3D-position of the shoulder
articulation:

@)

Y4 = licosq; — [,cos gy + [3¢08 g3 + [4c08 g4
Z4 = l3SiI'l q3 + l4sin q4.

Note that, at the initial instant, the position of the complex
wrist—hand is known

x7(0) = 0.0
¥7(0) = l1c0s q1(0) — lrcos g2(0) + I3c0s g3(0)

+14c05 q4(0) + (Is + l)sin g5(0)
27(0) = Il3sin g3(0) + l4sin g4(0) — (/s + ls)cos g5(0)

which coincides with the initial position (x7,y7,z7)(0) =
(0,y7(0), h), where h = z7(0). During the rowing cycle,
the vertical coordinate of the wrist—hand complex should
remain constant and equal to h for the exercise to be
correctly performed. Consequently the upper limbs should
satisfy the constraints

_ Z4(t) — h .
QS(I) = arccos (W) 5 (8)
yi() = Ya(0) + /(s + l6)* — (Za(t) — W2 (9)

At the final instant of the drive stage, i.e. at the final instant
of the stroke phase (+ = 40%), both the upper limbs are
assumed to be in the sagittal plane (x =0) and the
following constraint arises

y1() = =1} — I 4+ l3c08 q3(1) + (h — L3sing3(2)) /tan(g4(?)).

P
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Figure 4. Example of phasic angular displacement patterns normalised in time as percentage of the cycle of the ergometer rowing.
(a) Lower limbs: ankle angle 6,,e = ¢1 — « and knee angle Oxnee = g1 — ¢2. (b) Trunk: lumbo-sacral angle 6iympo—sacrat = ¢3 — ¢2, and

thoraco-lumbar angle 6oraco—tumbar = g4 — ¢3 + 180°.
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This inequality means that at the instant # = 40% the
handle is at most positioned at the rower’s torso.
Moreover, from the human body constraints (2)—(3), it
is possible to obtain explicit expressions for the elbow
angles. More precisely, it follows from (2)—(3) that

1
q7 = arccos <I_ (I3sin g3 + l4sin g4 — Iscos g5 — h))7
6

[5sin gssin gg
l6sin q7 '

gg = arcsin <—
Once the elbow angle 6.0y 1S known it is possible to
calculate y,.

Finally, from Equations (2)—(3) it follows that

{ (I sin g7 sin gg)* = (—Is sin gs sin g¢)*

(Is sin g7 cos gg)* = (—Is sings cos gg — (Y4 — y7))?
and summing, it results that

(lgsin q7)2 = (I5sin qg)2 + 2I5(Y4 — y7)sin gscos g
+(Ya =y

Then, we conclude that

_ <(16Sin q7)* — (Issings)* — (Y4 — y7)2>
g6 = arccos . .
2l5(Y4 — y7)sings

3.2 Numerical results

In this section, numerical results of the system (5) are
presented for the two different initial conditions of the
handle position:

A: y7(00=0.2, h=0.17 and B: y;(0)=0.33, h=0.3.

In Tables 1 and 2 the data parameters for a subject with
weight 70kg and height 1.70m are listed. Notice that
neither the weight of the feet, because they do not interfere
in the rowing movement, nor the height of the complex
neck—head are considered.

Figure 4 shows the profiles of O and 6Ginee
performed by the lower limbs, and the profiles of Ojmpo-
sacral ANd Ooraco-lumbar PeTformed by the trunk (adapted
from Bull and McGregor (2000)). Figure 5 displays the
profile of the elbow angle 6., for the two cases A and
B. Under the constraints stated in Section 3.1, it is possible
to obtain the profiles of y; (Figure 6) and of the spherical
coordinates ¢g¢, g7 and gg (Figure 7). Notice that g5 has the
explicit formula (8) at the initial drive phase (0—20%).
Indeed, g5 is given if g6, ¢7; and gg are considered
constrained.

The sliding seat load has a bell shape (see Figure 8§,
adapted from Colloud et al. (2006)), reaching its maximum
when the lower limbs and trunk are fully extended.

180

0 elbow (A)
160 +
140 }
120 +
100

<

® gl

®7r eelbow (B)
40 +
20 1+

o . . . . .
20 40 60 80 100
t (%)
Figure 5. Elbow angle profile (6Oepow), While the A- and

B-cycles of the ergometer rowing are performed during the time
duration (0—100%).

The anterior—posterior handle force has a bell-shaped
profile (see Figure 9, adapted from Colloud et al. (2006))
with a rapid increase in the magnitude of the force until
a peak is reached, followed by a decrease. After this
decrease a constant value is reached, which is found to be
equal to the traction force provided by the elasticity of the
self-recoiling system. The vertical handle force also shows
a reverse bell shape in the propulsion phase (see Figure 9,
adapted from Colloud et al. (2006)).

The contribution of each joint torque to the action of
the muscles is obtained from the calculation of the whole
system of ODEs (5). Figure 10 shows the profiles in the

t (%)

Y, (m)

Figure 6. Antero-posterior handle displacement (y;), while the
A- and B-cycles of the ergometer rowing are performed during
the time duration (0—100%).
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Figure 7. Spherical coordinates g5 and g¢ for the shoulder and ¢, and gg for the elbow, while the A- and B-cycles of the ergometer

rowing are performed.

z-direction of the torques, Tg (about the elbow joint) and T
(about the shoulder joint), corresponding to the B-cycle,
which practically coincide with the profiles for the other
cycle (A). The remaining torques in the x-direction are
shown in Figure 11 (A-cycle), Figure 12 (B-cycle) and
Figure 13 (both cycles).

4. Conclusions and open problems

In this paper, the full cycle for the exercise in a rowing
ergometer was reconstructed by assuming bilateral sym-
metry. The initial antero-posterior position y; of the handle
relative to the stretcher in the reference frame is slightly

1000 T

800 T

seat

600 ¢

F(N)

200 1

20 40 60 80 100
1(%)

Figure 8. Vertical seat force (F.,) as a function of percentage
of time.

positive at the catch because the handle was located ahead of
the stretcher (see Figures 1 and 6). At the first phase (0—20%)
the rower cycle is performed at the sagittal plane (gs =
g6 = 0) with the upper limbs fully extended (Gepow = 180°,
cf. Figure 5). Then Ty = T's = 0 as expected. No significant
values in magnitude are revealed in the remaining patterns of
T and Ty, although the existence of a peak for the shoulder
joint torque Ty in the z-direction, at the final instant of the
stroke phase (¢ = 40%), is consistent with the position of the
upper arm in relation to the torso. The profiles obtained for
the torques are as predicted: the maximum and minimum
values occur at the same instants as the peaks of the external
forces. Indeed, for the joints of the upper body, the peaks

1000

800

600

F(N)

400

200

20 40 60 80 100

£, (%)

Figure 9.  Antero-posterior and vertical handle forces (F7, and
F5., respectively) as functions of percentage of time. A negative
value indicates that the body is pushing backwards (F7,) or
downwards (F;,) during the driving phase.
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Figure 10. The joint torques T and Ty corresponding to the shoulder and elbow joints in the z-direction, under different scales

(a) <0.013Nm and (b) <0.1 Nm.

of T,, Ts and T; match the ones of the handle forces
(see Figure 9). The activity of 75 and 7 ends when the drive
phase finishes. In the recovery phase, 75 and 77 show no
significant activity. The profiles of Ty, T, and T3,
corresponding to the joints of the lower extremity, have
their maximum in accordance with the peaks of the handle
forces at the propulsion phase and have their minimum in
accordance with the peak of the seat force at the remaining
drive and recovery phases.

(a)

20

60 80 100

=200

-400
g
Z
= 600

-800

-1000 5
t (%)
Figure 11.

(b)

T (N.m)

These results are consistent with the muscle activity
patterns of experienced rowers on the Concept 2C
(cf. Nowicky et al. 2005), and they support the hypothesis
of a minimum-metabolic-energy in rowing.

The agreement between the torques for the A- and
B-cycles is also as expected. The relevant differences are: (1)
the maximum values obtained for 7y, T5 and T, (A-cycle:
=150 N'm, B-cycle: =300 N m); and (2) the profiles of T,
T, and T; differ at the initial phase. These variations reflect

300 T
250 7
200 1
150 1
100 }

50 f |

20 100

(%)

The joint torques in the x-direction while the A-cycle of the ergometer rowing is performed during the time duration

(0-100%). (a) The joint torques 7'}, T> and T corresponding to the ankle, knee and lower torso, respectively. (b) The torques 7, 75 and 75
corresponding to the lumbar, shoulder and elbow joints, respectively.
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Figure 12. The joint torques in the x-direction while the B-cycle of the ergometer rowing is performed. (a) The joint torques 7', 75 and
T5 corresponding to the ankle, knee and lower torso, respectively. (b) The torques 74, Ts and T; corresponding to the lumbar, shoulder and
elbow joints, respectively.

the fact that the activity of the moments of force is lower in The present theoretical model was numerically exam-
the A-cycle than in the B-cycle which is consistent with the ined by solving the two examples (cf. Section 3.2), but it can
initial positions y7(0) = 0.2 and y;(0) = 0.33, respectively. be applied to a large number of rower’s performances since
In conclusion, an appropriate initial position of the upper the assumptions considered correspond to the exercise in
limbs decreases the risk factors for injuries. a rowing ergometer (cf. Section 2.1). For instance, the seat
A statistical analysis describing the motion and load slides along the central bar or the two hands of the rower
characteristics of ergometer rowing is used to test the grasp the handle that is attached by a chain to the flywheel
hypothesis that the rowing stroke technique is associated which in turn puts a fan in motion. Only the bilateral
with the incidence of low back pain (see O’Sullivan et al. symmetry of the rowing movement and the correctness of
(2003)). Indeed, the use of the values obtained for the the horizontal trajectory of the handle were assumed in order
torques may improve the performance and prevent injuries to simplify the presentation. Also the data taken from the
such as back pain. literature have these same characteristics corresponding
@ o S Is T
2001 — 20 40 80 80__——100
0 : 2 .
0 T,
-200 1
- Tl
-200 +
E E
z g ~°
F -400 =
-600 T
-B00 1
e -800
-1000 ] T, -1000+ T
1(%) (%)

Figure 13. The joint torques in the x-direction during the time duration (0—100%). (a) The joint torques Ty, 7>, T3, T4, Ts and T for the
A-cycle. (b) The torques Ty, T», T3, T4, Ts and T; for the B-cycle.
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to the stable base of the ergometer. Notice that these two
limitations can be removed with the obvious implication of
having to deal with a more complex model. Future work
should exclude these two limitations in order to provide
a complete study on the relation between involuntary
inaccurate movements and lumbar pains (see Pudlo et al.
(2005) and the references therein). Moreover, a 3D
asymmetric model may be applied to rowing in water, in
which the oarsman is subjected to different loads.

To study the contribution of the joint torques in human
movements it is imperative that accurate mathematical
models (see Consiglieri and Pires (2007), for instance)
exist. We believe that the ability to predict internal
moments is particularly important because it offers the
possibility of investigating the impacts of the coordination
and function of the movements on the human structure.
The results obtained with different sets of data can lead to
improvements in the procedures for the correction of joint
performances and in the prevention of injuries.
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Appendix

The coefficients of the symmetric inertia matrix / in Equation (1)
are:

Ly =11 + myr} +mol 4 (m3y + my + ms + me)lsin’q,
Iy = —mpliracos(qr — g2)
— (m3 + my + ms + mg)l1,sin g;Sin g,
113 = c3lysing;sings
114 = c4lysing;sin gy
I1s = —cslysin ¢ cos g5cos ge
I16 = cslisin g sin gssin gg
117 = —cglysin g1 cos g7¢0s gg
113 = cglisin g, sin g7sin gg
Iy = I, + mar3 + (m3 + my + ms + me)l3sin’qa
I3 = —c3l,sin ¢o8in g3
Iy = —cylpsin gosingy
15 = c5l381n g2€0S ¢5C0S g
I, = —cslysin g,5in gssin gg
17 = cgla8in g2c0Ss q7€08 g3
I,g = —cglasin gsin g7sin gg
Iy = I + mar3 + (my + ms + me)l3
I34 = c4l3c08(q3 — q4)
I35 = c5l3(cos g3sin gs — sin g3c0S gs5cos ge)
136 = c5/3sin g3sin g5sin ge
137 = cgl3(cos g3sin g7 — sin g3cos g7C0S g3)
133 = cgl3sin g3sin g7sin gg
Iy =14+ m4ri + (ms + m6)li
145 = c5l4(cOs g48in g5 — Sin ¢4C0S ¢5COS gg)
146 = c5l481n @48in g5sin gg
147 = cela(cos g48in g7 — Sin g4C0S8 ¢7COS gg)
L4g = cglasin g4sin g7sin gg
Iss = Is + msr? + mgl
Is¢ =0
Is7 = cgls(cos gscos g7¢08(qs — gs) + sin gssin g7)
Iss = cgl5c0s gssin q7sin(gs — qs)
Ieo = Is + (msrs + mel3)sin’gs
Is7 = celssin gscos g7sin(gs — ge)
Ieg = colssin gssin g7cos(gs — ge)
I =17+ mgré
I =0

2in2
188 = Ig +m6r6sm q7
where

c3 = m3r3 + (I’i’l4 +ms + m(,)l3
Cq4 = myr4 + (m5 + m(,)l4
C5 = Mmsrs + m615

Ce = Mgleg.
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The (8 X 1) Coriolis matrix takes the form

where

Bss

By

B;s
Bis
B

== ¢jlpsin gycos g,

R
By ... B By
Ba.p=| : - 2
B ... B B 75
81 89 Bso | o | 459
q719s

= B4y = Bss = Bsg = Bgs = Bes = B77 = B70 = By7

= Bgg = Bgp =0,
11 .
= — o= —(my+my+ms + mg)3sin g cos q
20q
alo .
= ——=mlirsin(q; — q2)
aq2
+ (m3 + my + ms + mg)l11>sin g, cos g,
a]lj . )
i = ——== —cjlisingicosq;, j=3,4
6q/ J ]
aly;
=B = — U= —cslisingsingscosqs, Jj=15,6
9gj
aly; . . )
=Bjg = ——L= —cglising;singrcosqy, j=7,8

j
ol ol
= — (iﬂ— i) = —2c¢sl;sin g1 cos gssin g,
g6 995
= —2c¢¢lisin g;cos g7sin gg,
0l .
= ——=mlirsin(qz — q1)
9q1
+ (m3 + my + ms + mg)l11rcos q1sin gz

107
=2 —(m3 +my +ms + mﬁ)lésin G208 ¢

j=3,4

ol
= Byg = — —2 = cshysingasingscosgs, j = 5,6
ol
9g;

= By = — —2 = celpsingasingrcosqs, j=7,8

_ (0 9l

= 2c¢¢/»sin goc0s g78in gs,
i=3,4

i=3,4

) = 2¢51,8in g,€0s g5sin g,

= —c¢;licos gisin g,

= ¢;l,cos ga8in g,

=- 2% = cyl3sin(qs — q3)

= —csli(cos gicos gs + sing;singscos gg), 1= 3,4
= —cslising;singscos g, 1= 3,4

= —cgli(cos g;cos g7 + sing;singrcos gg), i = 3,4

Bis =

Bio
Bio

By

Bs;

¢5lj(sin gjsin g5 + cos g;cos g5cos ge),

-

—celising;singcosqg, =34
—2cslising;cos gssingg, 1= 3,4
—2celising;cos g7singg, 1= 3,4

0143 .

— —— = cal3sin(qz — q4)
993
015y

— —2= = ¢511C0S g COS g5C0S ¢
9q1
015y

— —— = —¢5[,C08 g2€0s ¢5C0S g6
9g>

j=3,4

dlgs 16166) 2 ArH
—= — ——2 | = (msrs + mgls)sin gscos gs
g6 2 90gs (s d
al
- 557 = —cels5(—cos gssin g7cos(gs — gs) 4 sin g5cos g7)
7

= c6l5¢08 g55in g7€08(q6 — gs),

= 2cql5c08 g5c0s g7sin(gs — g),

—cslicos g;sin gs5sin gg

= ¢515c08 g25in gssin ge

j = —cslicos g;sin gssin ge,

j=3,4

= Bgg = celssin gssin g7sin(gs — ge),

A6
9gs

= —2(m5r§ + m()lg)sin ¢5C0S gs

= —2cglssin gscos g7¢08(qs — qc)

I
- celjcos gjcos g7cos gg,
agj

J=13,4

= —gl>€08 ¢2c0S ¢7€0s g3

al75 . .
" ogs = col5(sin g5c08 g7¢08(gs — g6) — COS g5sing7),
5

= cels8in g5cos g7c08(qs — go),

= mﬁrésin 47€0s q7,

~

_
g,

—+— | = 2cglscos gscos g7sin(gs — gs),
9q6 995

= —cgljcosgjsingysingg, j=1,3,4

Bg, = c6lrc08 g2sin g7sin gg

Bss

= Bgs = celssingssin g7sin(gs — gs),
Bgo = —2c¢¢l5c0s gssin g7cos(qe — gs)-

The gravitational (8 X 1) matrix is

Clg) =

[ —(Omir1 + mali)g cos g
mpr28 COS g2
—(mar3 + (my4 + ms + me)l3)g cos g3
—(myrq + (ms + me)ls)g cos qa
—(msrs + mgls)g sin gs
0
—Mereg Sin g7
0
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