
HW 6 Solution 

2D-1-RR 

 

 

Fig1. 2D-1-RR 

a. Newton-Euler Method 

The transformation matrix for 2D-1-RR is 

𝑇1
0 = [

𝑐1 −𝑠1 0 0
𝑠1 𝑐1 0 0
0 0 1 0
0 0 0 1

] 

𝑇2
1 = [

𝑐2 −𝑠2 0 𝑙1
𝑠2 𝑐2 0 0
0 0 1 0
0 0 0 1

] 

The position of the center of the mass 

𝑃𝐶1 = [

1

2
𝑙1

0
0

]1  

𝑃𝐶2 = [

1

2
𝑙2

0
0

]2  

 



Momentum of inertial of center of mass 

𝐼1 =
1

12
𝑚1𝑙1

2𝑐1 [
0 0 0
0 1 0
0 0 1

] 

𝐼1 =
1

12
𝑚2𝑙2

2𝑐2 [
0 0 0
0 1 0
0 0 1

] 

No extend force/torques on the end effector 

𝑓3 = 0 

𝑛3 = 0 

The base of the robort is not rotating 

𝑤0 = 0 

𝑤�̇� = 0 

To include gravity 

𝑣0 = [
0
𝑔
0
]0

̇

 

 

Outward iteration 

𝑖 = 0 

1w1 = 𝑅0
1 0w0+𝜃1̇𝑧1̂=[

0
0
�̇�1

] 

𝑤1̇
1 = 𝑅0

1 𝑤0̇
0 + 𝑅0

1 𝑤0 × 𝜃1̇𝑧1̂ +0 𝜃1̈𝑧1̂=[

0
0
𝜃1̈

] 

Linear velocity 

𝑣1
1 ̇ = 𝑅(0

1 𝑤0̇ × 𝑃1 + 𝑤0 × ( 𝑤0 × 𝑃1
0000 + 𝑣0

0 ̇0 ) = [
𝑔𝑠1
𝑔𝑐1
0

] 

𝑣𝑐1
1 ̇ = 𝑤1̇ × 𝑃𝑐1 + 𝑤1 × ( 𝑤1 × 𝑃𝑐1

1111 + 𝑣1
1 ̇1 ) = [

𝑔𝑠1 −
1

2
𝑙1𝜃1̇

2

𝑔𝑐1 +
1

2
𝑙1𝜃1̈

0

] 

 

 



Outward iteration  

𝑖 = 0 

𝐹1 = 𝑚1 𝑣𝑐1
1 ̇ = 𝑚1

[
 
 
 
 𝑔𝑠1 −

1

2
𝑙1𝜃1̇

2

𝑔𝑐1 +
1

2
𝑙1𝜃1̈

0 ]
 
 
 
 

1  

 

 

𝑁1 = [

0
0

1

12
𝑚1𝑙1

2𝜃1̈

]1  

 

Outward iteration  

𝑖 = 1 

𝑤2
2 = 𝑅1

2 1w1+𝜃2̇ 𝑧2
2̂ =[

0
0

�̇�1 + �̇�2

] 

𝑤2̇
2 = 𝑅1

2 𝑤1̇
1 + 𝑅1

2 𝑤1 × 𝜃2̇ 𝑧2
2̂ +1 𝜃2̈ 𝑧2

2̂ =[

0
0

𝜃1̈ + 𝜃2̈

] 

𝑣2
2 ̇ = 𝑅(1

2 𝑤1̇ × 𝑃2 + 𝑤1 × ( 𝑤1 × 𝑃2
1111 + 𝑣1

1 ̇1 ) = [
𝑙1𝜃1̈𝑠2 − 𝑙1�̇�1

2
𝑐2 + 𝑔𝑠12

𝑙1𝜃1̈𝑠2 + 𝑙1�̇�1
2
𝑠2 + 𝑔𝑐12

0

] 

 

𝑣𝑐2
2 ̇ = 𝑅(1

2 𝑤2̇ × 𝑃𝑐2 + 𝑤2 × ( 𝑤2 × 𝑃𝑐2
2222 + 𝑣2

2 ̇2 ) = 

[
1

2

0
𝑙2(𝜃1̈ + 𝜃2)̈

0

] + [
−

1

2
𝑙2(𝜃1̇ + 𝜃2̇)

2

0
0

] + [
𝑙1𝜃1̈𝑠2 − 𝑙1�̇�1

2
𝑐2 + 𝑔𝑠12

𝑙1𝜃1̈𝑠2 + 𝑙1�̇�1
2
𝑠2 + 𝑔𝑐12

0

] = [

𝑚2(𝑙1𝜃1̈𝑠2 − 𝑙1�̇�1
2
𝑐2 + 𝑔𝑠12 −

1

2
𝑙2(𝜃1̇ + 𝜃2̇)

2)

𝑚2(𝑙1𝜃1̈𝑠2 + 𝑙1�̇�1
2
𝑠2 + 𝑔𝑐12 + (

1

2
) ∗ 𝑙2(𝜃1̈ + 𝜃2)̈ )

0

] 

 

𝐹2 = 𝑚2
2 𝑣𝑐2

2 ̇  

                                                                                        



𝑁2 = [

0
0

1

12
𝑚2𝑙2

2(𝜃1̈ + 𝜃2)̈
]2  

 

 

Inward iteration 

𝑖 = 2 

f2 = 𝑅 𝑓3 + 𝐹2 =23
3
22 𝐹2 = 𝑚2

2 𝑣𝑐2
2 ̇  

n2 = 𝑅 𝑛3 + 𝑁2 + 𝑃𝑐2 × 𝐹2
22 =23

3
22 [

𝑖 𝑗 𝑘
1

2
𝑙2 0 0

𝐹2𝑥
2 𝐹2𝑦

2 0

]= 

[

0
0

1

12
𝑚2𝑙2

2(𝜃1̈ + 𝜃2)̈
] + (

1

2
) 𝑙2 [

0
0

𝑚2(𝑙1𝜃1̈𝑠2 + 𝑙1�̇�1
2
𝑠2 + 𝑔𝑐12 + (

1

2
) 𝑙2(𝜃1̈ + 𝜃2)̈ )

] = 

[

0
0

𝑚2𝑙2(𝑙1𝜃1̈𝑠2 + 𝑙1�̇�1
2
𝑠2 + 𝑔𝑐12 + (

1

3
) ∗ 𝑙2(𝜃1̈ + 𝜃2))̈

] 

 

Inward 

𝑖 = 1 

 

f1
1 = 𝑅2

1 𝑓2
2 + 𝐹1

1    =

[
𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

] [

𝑚2(𝑙1𝜃1̈𝑠2 − 𝑙1�̇�1
2
𝑐2 + 𝑔𝑠12 −

1

2
𝑙2(𝜃1̇ + 𝜃2̇)

2)

𝑚2(𝑙1𝜃1̈𝑠2 + 𝑙1�̇�1
2
𝑠2 + 𝑔𝑐12 + (

1

2
) ∗ 𝑙2(𝜃1̈ + 𝜃2)̈ )

0

]+ 𝑚1 [

𝑔𝑠1 −
1

2
𝑙1𝜃1̇

2

𝑔𝑐1 +
1

2
𝑙1𝜃1̈

0

]=

[

𝑚2𝑐2 (𝑙1𝜃1̈𝑠2 − 𝑙1�̇�1
2
𝑐2 + 𝑔𝑠12 −

1

2
𝑙2(𝜃1̇ + 𝜃2̇)

2
) + 𝑚1(𝑔𝑠1 −

1

2
𝑙1𝜃1̇

2
) − 𝑚2𝑠2(𝑙1𝜃1̈𝑠2 + 𝑙1�̇�1

2
𝑠2 + 𝑔𝑐12 + (

1

2
) ∗ 𝑙2(𝜃1̈ + 𝜃2)̈ )

𝑚2𝑠2 (𝑙1𝜃1̈𝑠2 − 𝑙1�̇�1
2
𝑐2 + 𝑔𝑠12 −

1

2
𝑙2(𝜃1̇ + 𝜃2̇)

2
) + 𝑚1(𝑔𝑐1 +

1

2
𝑙1𝜃1̈) + 𝑚2𝑐2(𝑙1𝜃1̈𝑠2 + 𝑙1�̇�1

2
𝑠2 + 𝑔𝑐12 + (

1

2
) ∗ 𝑙2(𝜃1̈ + 𝜃2)̈ )

0

] 

 

 

 

 

 



n1 = 𝑅 𝑛2 + 𝑁1 + 𝑃𝑐1 × 𝐹1 + 𝑃2 × 𝑅2
1 𝑓2

211112
2
11  

= [

0
0

1

12
𝑚1𝑙1

2𝜃1̈

] + [

0
0

(
𝑙1

2
) ∗ 𝑚1 ∗ (𝑔𝑐1 +

1

2
𝑙1𝜃1)̈

]

+ [

0
0

(
𝑙1

2
) (𝑠2𝑚2 (𝑙1𝜃1̈𝑠2 − 𝑙1�̇�1

2
𝑐2 + 𝑔𝑠12 −

1

2
𝑙2(𝜃1̇ + 𝜃2̇)

2
) + 𝑐2𝑚2(𝑙1𝜃1̈𝑠2 + 𝑙1�̇�1

2
𝑠2 + 𝑔𝑐12 + (

1

2
) ∗ 𝑙2(𝜃1̈ + 𝜃2)̈ ))

] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



b. Lagrangian Method 

 

Kinetic Energy:  

For 𝑖 = 1 

𝑘1 =
1

2
𝑚1𝑙1

2𝜃1̇
2
+

1

2
𝐼1𝜃1̇

2
=

1

2
𝑚1𝑙1

2𝜃1̇
2
 

Position of center of mass 

𝑃𝑔2 = [
𝑙1𝑐1 + 𝑙2𝑐12
𝑙1𝑠1 + 𝑙2𝑠12

]0  

The derivative squared gives 

𝑣𝑐2
0 = [

−𝑙1𝑠1𝜃1̇ − 𝑙2𝑠12(𝜃1̇ + 𝜃2̇)

𝑙1𝑐1𝜃1̇ + 𝑙2𝑐12(𝜃1̇ + 𝜃2̇)
] 

 

𝑣𝑐2
𝑇𝑣𝑐2 = 𝑙12𝜃1

2 + 𝑙22(𝜃1̇ + 𝜃2̇)
2 + 2𝑙1𝑙2𝑐2(𝜃1̇

2
+ 𝜃1̇𝜃2̇) 

For 𝑖 = 2 

 

𝑘2 =
1

2
𝑚2(𝑙1

2𝜃1
2 + 𝑙22(𝜃1̇ + 𝜃2̇)

2 + 2𝑙1𝑙2𝑐2(𝜃1̇
2
+ 𝜃1̇𝜃2̇)) +

1

2
𝐼2(𝜃1̇ + 𝜃2̇)

2 

Potential Energy: 

For 𝑖 = 1 

𝑝1 = 𝑚1𝑔𝑙1𝑠1 

For 𝑖 = 2 

𝑝2 = 𝑚2𝑔(𝑙1𝑠1 + 𝑙2𝑠12) 

Lagrangian: 

L = 𝑘1 + 𝑘2 − 𝑝1 − 𝑝2 

Solving: 

𝜏1 = [𝑚1𝑙1 + 𝑚2(𝑙1
2 + 𝑙22 + 2𝑙1𝑙2𝑐2)]𝜃1̈ + 𝑚2(𝑙2

2 + 𝑙1𝑙2𝑐2)𝜃2̈ − 𝑚2𝑙1𝑙2𝑠2(2𝜃1̇𝜃2̇ + 𝜃2̇

2
) + 𝑚1𝑔𝑙1𝑐1 + 𝑚2𝑔(𝑙1𝑐1 + 𝑙2𝑐12) 

𝜏2 = [𝑚2(𝑙2
2 + 𝑙1𝑙2𝑐2)]𝜃1̈ + 𝑚2𝑙2𝜃2̈ + 𝑚2𝑙1𝑙2𝑠2(𝜃1̇

2
) + 𝑚2𝑔𝑙2𝑐12 
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a. Newton Euler Method 

The position of the center of the mass 

𝑃𝐶1 = [
0
0
𝑙𝑐1

]1  

𝑃𝐶2 = [
𝑙𝑐2
0
0

]2  

𝑃𝐶3 = [
𝑙𝑐3
0
0

]3  

Momentum of inertial of center of mass 

𝐼2 =
1

12
𝑚2𝑙𝑐2

2𝑐2 [
0 0 0
0 1 0
0 0 1

] 

𝐼3 =
1

12
𝑚3𝑙𝑐3

2𝑐3 [
0 0 0
0 1 0
0 0 1

] 

𝐼1 = 0𝑐1  

No extend force/torques on the end effector 

𝑓4 = 0 

𝑛4 = 0 

The base of the robort is not rotating 

𝑤0 = 0 

𝑤�̇� = 0 

To include gravity 

𝑣0 = [
0
0
𝑔
]0

̇

 

 

Outward iteration 

𝑖 = 0 

1w1 = 𝑅0
1 0w0+𝜃1̇𝑧1̂=[

0
0
�̇�1

] 



𝑤1̇
1 = 𝑅0

1 𝑤0̇
0 + 𝑅0

1 𝑤0 × 𝜃1̇𝑧1̂ +0 𝜃1̈𝑧1̂=[

0
0
𝜃1̈

] 

Linear velocity 

𝑣1
1 ̇ = 𝑅(0

1 𝑤0̇ × 𝑃1 + 𝑤0 × ( 𝑤0 × 𝑃1
0000 + 𝑣0

0 ̇0 ) = [
0
0
𝑔
] 

𝑣𝑐1
1 ̇ = 𝑤1̇ × 𝑃𝑐1 + 𝑤1 × ( 𝑤1 × 𝑃𝑐1

1111 + 𝑣1
1 ̇1 ) = [

0
0
𝑔
] 

𝐹1 = 𝑚1 𝑣𝑐1
1 ̇ = 𝑚1 [

0
0

𝑚1𝑔
]1  

 

𝑁1 = [
0
0
0
]1  

Outward iteration  

𝑖 = 1 

𝑤2
2 = 𝑅1

2 1w1+𝜃2̇ 𝑧2
2̂ =[

−�̇�1𝑠2

−�̇�1𝑐2

�̇�2

] 

𝑤2̇
2 = 𝑅1

2 𝑤1̇
1 + 𝑅1

2 𝑤1 × 𝜃2̇ 𝑧2
2̂ +1 𝜃2̈ 𝑧2

2̂ =[

−𝜃1̈𝑠2

−𝜃1̈𝑐2

𝜃2̈

] 

𝑣2
2 ̇ = 𝑅(1

2 𝑤1̇ × 𝑃2 + 𝑤1 × ( 𝑤1 × 𝑃2
1111 + 𝑣1

1 ̇1 ) = [
−𝑔𝑠2
−𝑔𝑐2

0
] 

 

𝑣𝑐2
2 ̇ = 𝑅(1

2 𝑤2̇ × 𝑃𝑐2 + 𝑤2 × ( 𝑤2 × 𝑃𝑐2
2222 + 𝑣2

2 ̇2 ) = [

𝑙𝑐2𝑐2
2�̇�1

2
+ 𝑙𝑐2�̇�2

2
− 𝑠2𝑔

−𝑙𝑐2𝜃2̈ − 𝑙𝑐2𝑠2𝑐2 �̇�1
2
− 𝑐2𝑔

𝑙𝑐2𝑐2𝜃1̈

] 

 

𝐹2 = 𝑚2
2 𝑣𝑐2

2 ̇ =𝑚2 [

𝑙𝑐2𝑐2
2�̇�1

2
+ 𝑙𝑐2�̇�2

2
− 𝑠2𝑔

−𝑙𝑐2𝜃2̈ − 𝑙𝑐2𝑠2𝑐2 �̇�1
2
− 𝑐2𝑔

𝑙𝑐2𝑐2𝜃1̈

]             



𝑁2 =

[
 
 
 
 

0

−
1

12
𝑚2𝑙𝑐2

2𝑐2𝜃1̈

1

12
𝑚2𝑙𝑐2

2𝜃2̈ + 𝑚2𝑠2𝑐2�̇�1
2
𝑙𝑐2 ]

 
 
 
 

2  

 

Outward iteration  

𝑖 = 2 

𝑤3
3 = 𝑅2

3 2w2+𝜃3̇ 𝑧3
3̂ =[

−�̇�1𝑠23

−�̇�1𝑐23

�̇�2 + �̇�3

] 

𝑤3̇
3 = 𝑅2

3 𝑤2̇
2 + 𝑅2

3 𝑤2 × 𝜃3̇ 𝑧3
3̂ +2 𝜃3̈ 𝑧3

3̂ =[

−𝜃1̈𝑠23 − 𝑐23�̇�1(�̇�2 + �̇�3)

−𝜃1̈𝑐23 + 𝑠23�̇�1(�̇�2 + �̇�3)

𝜃2̈ + 𝜃3̈

] 

𝑣3
3 ̇ =

[
 
 
 
 𝑐3 (𝑙𝑐3𝑐2

2�̇�1
2
+ 𝑙𝑐3�̇�2

2
− 𝑠2𝑔) + 𝑠3(𝑙𝑐3𝑐2

2�̇�1
2
+ 𝑙𝑐3�̇�2

2
− 𝑠2𝑔)

−𝑠3(−𝑙𝑐3𝜃2̈ − 𝑙𝑐3𝑠2𝑐2 �̇�1
2
− 𝑐2𝑔) + 𝑐3 (−𝑙𝑐3𝜃2̈ − 𝑙𝑐3𝑠2𝑐2 �̇�1

2
− 𝑐2𝑔)

𝑙𝑐3𝑐2𝜃1̈ ]
 
 
 
 

 

 

𝑣𝑐3
3 ̇ =

[
 
 
 
 𝑐3 (𝑙𝑐3𝑐2

2�̇�1
2
+ 𝑙𝑐3�̇�2

2
− 𝑠2𝑔) + 𝑠3(𝑙𝑐3𝑐2

2�̇�1
2
+ 𝑙𝑐3�̇�2

2
− 𝑠2𝑔) − 𝑙𝑐3𝑐232�̇�1

2
+ 𝑙𝑐3(�̇�2 + �̇�3)

2

−𝑠3(−𝑙𝑐3𝜃2̈ − 𝑙𝑐3𝑠2𝑐2 �̇�1
2
− 𝑐2𝑔) + 𝑐3 (−𝑙𝑐3𝜃2̈ − 𝑙𝑐3𝑠2𝑐2 �̇�1

2
− 𝑐2𝑔) − 𝑙𝑐3(𝜃2̈ + 𝜃3̈) − 𝑙𝑐3𝑠23𝑐23�̇�1

2

𝑙𝑐3𝑐2𝜃1̈ + 𝑙𝑐3𝑠23𝜃1̈ ]
 
 
 
 

 

 

𝐹3 = 𝑚3
3 𝑣𝑐3

3 ̇ =

𝑚3

[
 
 
 
 𝑐3 (𝑙𝑐3𝑐2

2�̇�1
2
+ 𝑙𝑐3�̇�2

2
− 𝑠2𝑔) + 𝑠3(𝑙𝑐3𝑐2

2�̇�1
2
+ 𝑙𝑐3�̇�2

2
− 𝑠2𝑔) − 𝑙𝑐3𝑐232�̇�1

2
+ 𝑙𝑐3(�̇�2 + �̇�3)

2

−𝑠3(−𝑙𝑐3𝜃2̈ − 𝑙𝑐3𝑠2𝑐2 �̇�1
2
− 𝑐2𝑔) + 𝑐3 (−𝑙𝑐3𝜃2̈ − 𝑙𝑐3𝑠2𝑐2 �̇�1

2
− 𝑐2𝑔) − 𝑙𝑐3(𝜃2̈ + 𝜃3̈) − 𝑙𝑐3𝑠23𝑐23�̇�1

2

𝑙𝑐3𝑐2𝜃1̈ + 𝑙𝑐3𝑠23𝜃1̈ ]
 
 
 
 

             

𝑁3 =

[
 
 
 
 
 −

1

12
𝑚3𝑙𝑐3

2𝑐23�̇�1�̇�2 +
1

12
𝑚3𝑙𝑐3

2𝑐23�̇�1�̇�2

1

12
𝑚3𝑙𝑐3

2 (−𝜃1̈𝑐23 + 𝑠23�̇�1(�̇�2 + �̇�3)) −

1

12
𝑚3𝑙𝑐3

2(𝜃2̈ + 𝜃3̈) +
1

12
𝑚3𝑙𝑐3

2𝑐23𝑠23𝜃̇ 1�̇�1

1

12
𝑚3𝑙𝑐3

2𝑠23�̇�1�̇�2

]
 
 
 
 
 

3  

 



Inward iteration 

𝑖 = 3 

f3 =3 𝐹3 = 𝑚3

[
 
 
 
 𝑐3 (𝑙𝑐3𝑐2

2�̇�1
2
+ 𝑙𝑐3�̇�2

2
− 𝑠2𝑔) + 𝑠3 (𝑙𝑐3𝑐2

2�̇�1
2
+ 𝑙𝑐3�̇�2

2
− 𝑠2𝑔) − 𝑙𝑐3𝑐232�̇�1

2
+ 𝑙𝑐3(�̇�2 + �̇�3)

2

−𝑠3 (−𝑙𝑐3𝜃2̈ − 𝑙𝑐3𝑠2𝑐2 �̇�1
2
− 𝑐2𝑔) + 𝑐3(−𝑙𝑐3𝜃2̈ − 𝑙𝑐3𝑠2𝑐2 �̇�1

2
− 𝑐2𝑔) − 𝑙𝑐3(𝜃2̈ + 𝜃3̈) − 𝑙𝑐3𝑠23𝑐23�̇�1

2

𝑙𝑐3𝑐2𝜃1̈ + 𝑙𝑐3𝑠23𝜃1̈ ]
 
 
 
 

3  

n3 =

[
 
 
 
 
 −

1

12
𝑚3𝑙𝑐3

2𝑐23�̇�1�̇�2 +
1

12
𝑚3𝑙𝑐3

2𝑐23�̇�1�̇�2

1

12
𝑚3𝑙𝑐3

2 (−𝜃1̈𝑐23 + 𝑠23�̇�1(�̇�2 + �̇�3)) −

1

12
𝑚3𝑙𝑐3

2(𝜃2̈ + 𝜃3̈) +
1

12
𝑚3𝑙𝑐3

2𝑐23𝑠23𝜃̇ 1�̇�1

1

12
𝑚3𝑙𝑐3

2𝑠23�̇�1�̇�2

]
 
 
 
 
 

+

3

 

[

0
0

𝑙𝑐3𝑚3(−𝑠3 (−𝑙𝑐3𝜃2̈ − 𝑙𝑐3𝑠2𝑐2 �̇�1
2
− 𝑐2𝑔) + 𝑐3 (−𝑙𝑐3𝜃2̈ − 𝑙𝑐3𝑠2𝑐2 �̇�1

2
− 𝑐2𝑔) − 𝑙𝑐3(𝜃2̈ + 𝜃3̈) − 𝑙𝑐3𝑠23𝑐23�̇�1

2
)
] 

 

 

𝑖 = 2 

f2 = 𝑅 𝑓3 + 𝐹2
23

3
22  

n2 = 𝑅 𝑛3 + 𝑁2 + 𝑃𝑐2 × 𝐹2
22 =23

3
22

[
 
 
 

𝑖 𝑗 𝑘
1

2
𝑙2 0 0

𝐹2𝑥
2 𝐹2𝑦

2 0]
 
 
 

 

 

Inward 

𝑖 = 1 

 

f1
1 = 𝑅2

1 𝑓2
2 + 𝐹1

1    

 

n1 = 𝑅 𝑛2 + 𝑁1 + 𝑃𝑐1 × 𝐹1 + 𝑃2 × 𝑅2
1 𝑓2

211112
2
11  

 

 

 

 

 



 

b. Lagrangian Method 

 

𝐽𝑣1
0 = [

0 0 0
0 0 0
0 0 0

] 

𝐽𝑤1
0 = [

0 0 0
0 0 0
1 0 0

] 

𝐽𝑣2
0 = [

−𝑐2𝑠1𝑙𝑐2 −𝑐1𝑠2𝑙𝑐2 0
𝑐1𝑐2𝑙𝑐2 −𝑠2𝑠1𝑙𝑐2 0

0 0 −𝑐2𝑐12𝑙𝑐2 − 𝑐2𝑠12𝑙𝑐2

] 

𝐽𝑤2
0 = [

0 −𝑠1 0
0 𝑐1 0
1 0 0

] 

 

𝐽𝑣3
0 = [

−𝑐2𝑠1𝑙2 + 𝑠1𝑠23𝑙𝑐3 −𝑐1𝑐23𝑙𝑐3 − 𝑐1𝑠2𝑙2 −𝑐1𝑐23𝑙𝑐3
𝑐1𝑐2𝑙2 − 𝑐1𝑠23𝑙𝑐3 −𝑠23𝑠1𝑙𝑐3 − 𝑠2𝑠1𝑙2 −𝑐23𝑠1𝑙𝑐3

0 𝑠1(−𝑐2𝑠1𝑙2 + 𝑠1𝑠23𝑙𝑐3) − 𝑐1(𝑐1𝑐2𝑙2 − 𝑐1𝑠23𝑙𝑐3) 𝑠1(𝑠1𝑠23𝑙𝑐3) + 𝑐1(𝑐1𝑠23𝑙𝑐3)
] 

𝐽𝑤3
0 = [

0 −𝑠1 −𝑠1
0 𝑐1 𝑐1
1 0 0

] 

 

 

𝑴 = 𝐽𝑣1
𝑇𝑚1

0 𝐽𝑣1 + 𝐽𝑣2
𝑇𝑚2

0 𝐽𝑣2 + 𝐽𝑣3
𝑇𝑚3

0 𝐽𝑣3 +000 𝐽𝑤1
𝑇 𝐼1

00 𝐽𝑤1 + 𝐽𝑤2
𝑇 𝐼2

00 𝐽𝑤2 + 𝐽𝑤3
𝑇 𝐼3

00 𝐽𝑤3
000  

𝐼1
0 = 0 

𝐼2 =
1

12
𝑚2𝑙𝑐2

2 [
𝑠12 + 𝑐12𝑠22 −𝑐1𝑐22𝑠1 𝑠2𝑐1𝑐2
−𝑐1𝑐22𝑠1 𝑠12𝑠22 − 𝑠22 + 1 𝑐2𝑠1𝑠2
𝑐1𝑐2𝑠2 𝑐2𝑠1𝑠2 𝑐22

]0  

𝐼3 =
1

12
𝑚3𝑙𝑐3

2 [
𝑠12 + 𝑐12𝑠232 −𝑐1𝑐232𝑠1 𝑠23𝑐1𝑐23
−𝑐1𝑐232𝑠1 𝑠12𝑠232 − 𝑠12 + 1 𝑐23𝑠1𝑠23
𝑐1𝑐23𝑠23 𝑐23𝑠1𝑠23 𝑐232

]0  

 

G = [

𝐺1

𝐺2

𝐺3

] = [

0
−𝑔(𝑚2𝑙𝑐2𝑐2 + 𝑚3𝑙𝑐3𝑐23)
−𝑔𝑐23𝑚3𝑙𝑐3 + 𝑔𝑐2𝑚3𝑙2

] 

 

 

 

 

 



Velocity coupler 

Torque 

[

𝜏1

𝜏2

𝜏3

] = 𝑴[

𝜃1̈

𝜃2̈

𝜃3̈

] + 𝑽 + 𝑮 

 

 


