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3D-1-RRR 

 

 

Fig.1 3D-1-RRR 

 

a. Direct Differential 

𝑇4
0 = [

𝑐1𝑐23 −𝑐1𝑐23 −𝑠1 𝐿3𝑐1𝑐23 + 𝐿2𝑐1𝑐2

𝑠𝑐23 −𝑠1𝑠23 𝑐1 𝐿3𝑠𝑐23 + 𝐿2𝑐𝑠1

−𝑆23 −𝑐23 0 −𝐿3𝑠23 − 𝐿2𝑠2

0 0 0 1

] 

Position: 

𝑃𝑇,𝑥 = 𝑥 = 𝑙3𝑐1𝑐23 + 𝑙2𝑐1𝑐20  

𝑃𝑇,𝑦 = 𝑦 = 𝑙3𝑠1𝑐23 + 𝑙2𝑐2𝑠10  

𝑃𝑇,𝑧 = 𝑧 = −𝑙3𝑠23 − 𝑙2𝑠20  

Differential: 



�̇� =
𝜕𝑥

𝜕𝜃1
�̇�1 +

𝜕𝑥

𝜕𝜃2
�̇�2 +

𝜕𝑥

𝜕𝜃3
�̇�3  

    = −(l3c23 + l2c2)s1�̇�1 + 𝑙2𝑐1(−𝑠2)�̇�2 − 𝑙3𝑐1𝑠23�̇�2 − 𝑙3𝑐1𝑠23�̇�3 

    

�̇� =
𝜕𝑦

𝜕𝜃1
�̇�1 +

𝜕𝑦

𝜕𝜃2
�̇�2 +

𝜕𝑦

𝜕𝜃3
�̇�3  

    = −𝐿3𝑆1𝑆23(�̇�2 + �̇�3) + 𝐿3𝐶23𝐶1�̇�1 + 𝐿2𝐶2𝐶1�̇�2 − 𝐿2𝑆1𝑆2�̇�2 

 

�̇� =
𝜕𝑧

𝜕𝜃1
�̇�1 +

𝜕𝑧

𝜕𝜃2
�̇�2 +

𝜕𝑧

𝜕𝜃3
�̇�3  

     = −𝐿2𝐶23(�̇�2 + �̇�3) − 𝐶2𝑆2�̇�2 

 

v𝑛 = [
�̇�
�̇�
�̇�
]0  

w𝑛 = 𝑅1
00 [

0
0
�̇�1

] 𝜌1 + 𝑅2
0 [

0
0
�̇�1

] 𝜌2 + 𝑅3
0 [

0
0
�̇�3

] 𝜌3 

 

[
𝑣𝑛

0

𝑤𝑛
0 ] = 𝐽0 (𝜃)�̇� 

 

So, 

𝐽0 =

[
 
 
 
 
 
−𝑆1(𝐿3𝐶23 + 𝐿2𝐶2) −𝐶1(𝐿3𝑆23 + 𝐿2𝑆2) −𝐿3𝑆23𝐶1

𝐶1(𝐿3𝐶23 + 𝐿2𝐶2) −𝑆1(𝐿3𝑆23 + 𝐿2𝑆2) −𝐿3𝑆23𝑆1

0 −𝐿3𝐶23 − 𝐿2𝐶2 −𝐿3𝐶23

0 −𝑆1 −𝑆1

0 𝐶1 𝐶1

1 0 0 ]
 
 
 
 
 

 

 

 

 

 

 

 

 



b. Force Propagation 

Apply force on the end effector 𝑓4
4 = [

𝑓𝑥
𝑓𝑦
𝑓𝑧

] 

For 𝑖 = 3, 

𝑓3
3 = 𝑅4

3 𝑓4
4 = 𝑓4

4  

For 𝑖 = 2, 

𝑓2
2 = 𝑅3

2 𝑓3
3 = [

𝐶3𝑓𝑥 − 𝑆3𝑓𝑦
𝑆3𝑓𝑥 + 𝐶3𝑓𝑦

𝑓2

] 

For 𝑖 = 1 

𝑓1
1 = 𝑅2

1 𝑓2
2 = [

𝐶23𝑓𝑥 − 𝑆23𝑓𝑦
𝑓2

−𝑆23𝑓𝑥 − 𝐶23𝑓𝑦

] 

For 𝑖 = 3, 

𝑛3
3 = 𝑅4

3 𝑛4
4 + 𝑃4

3 × 𝑓3
3 = [

0
−𝐿3𝑓𝑧
𝐿3𝑓𝑦

] 

For 𝑖 = 2, 

𝑛2
2 = 𝑅3

2 𝑛3
3 + 𝑃3

2 × 𝑓2
2 = [

𝐿3𝑓𝑧𝑆3

−𝐶3𝐿3𝑓𝑧 − 𝐿2𝑓𝑧
𝐿3𝑓𝑦 + 𝐿2𝑆3𝑓𝑥 + 𝐿2𝐶3𝑓𝑦

] 

For 𝑖 = 1 

𝑛1
1 = 𝑅2

1 𝑛2
2 + 𝑃2

1 × 𝑓1
1 = [

𝐿3𝑆23𝑓𝑧 + 𝐿2𝑆2𝑓𝑧
𝐿2𝑆3𝑓𝑥 + 𝐿2𝐶3𝑓𝑦 + 𝐿3𝑓𝑦

𝐿3𝐶23𝑓𝑧 + 𝐿2𝐶2𝑓𝑧

] 

 

 



 

And this gives 

𝑇 = [

0 0 𝐿2𝐶2 + 𝐿3𝐶23 −𝑆23 −𝐶23 0
𝐿2𝑆3 𝐿2𝐶3 + 𝐿3 0 0 0 1
0 𝐿3 0 0 0 1

]

[
 
 
 
 
 
𝑓𝑥
𝑓𝑦
𝑓𝑧
𝑛𝑥

𝑛𝑦

𝑛𝑧]
 
 
 
 
 

(3 − 20) 

And 

𝐽4 =

[
 
 
 
 
 

0 𝐿2𝑆3 0
0 𝐿3 + 𝐿2𝐶3 𝐿3

𝐿3𝐶23 + 𝐿2𝐶2 0 0
−𝑆23 0 0
−𝐶23 0 0

0 1 1 ]
 
 
 
 
 

(3 − 12) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

3D-4-RRR 

 

Fig.2 3D-4-RRR 

 

a. Direct Differential 

𝑇6
3 = [

𝐶4𝐶5𝐶6 − 𝑆4𝑆6 −𝐶6𝑆4 − 𝐶4𝐶5 −𝐶4𝑆5 0
𝐶4𝑆6 + 𝐶5𝐶6𝑆4 𝐶4𝐶6 − 𝐶5𝑆4𝑆6 −𝑆4𝑆5 0

𝐶6𝑆5 −𝑆5𝑆4 𝐶5 0
0 0 0 1

] 

 

�̇� = 𝑑𝑇𝑆4𝑆5𝜃4̇ − 𝑑𝑇𝐶4𝐶5𝜃5̇

�̇� = −𝑑𝑇𝐶4𝑆5𝜃4̇ − 𝑑𝑇𝑆4𝐶5𝜃5̇

�̇� = −𝑑𝑇𝑆5𝜃5̇

 

 



𝜃𝑥
0 = 𝑆4𝜃5 − 𝐶4𝑆5𝜃6

𝜃𝑦
0 = −𝐶4𝜃5 − 𝑆4𝑆5𝜃6

𝜃𝑧
0 = 𝜃4 + 𝐶5𝜃6

 

This gives  

𝐽0 =

[
 
 
 
 
 

𝑑𝑇𝑆4𝑆5 −𝑑𝑇𝐶4𝐶5 0
−𝑑𝑇𝐶4𝑆5 −𝑑𝑇𝑆4𝐶5 0

0 −𝑑𝑇𝑆5 0
0 𝑆4 −𝐶4𝑆5

0 −𝐶4 −𝑆4𝑆5

1 0 𝐶5 ]
 
 
 
 
 

 

 

 

b. Force Propagation: 

𝑓6
6 = [𝑓𝑥 𝑓𝑦 𝑓𝑧]𝑇  

𝑓5
5 = 𝑅6

5 𝑓6
6 = [

𝐶6𝑓𝑥 − 𝑆6𝑓𝑦
𝑓𝑧

−𝑆6𝑓𝑥 − 𝐶6𝑓𝑦

]  

𝑓4
4 = 𝑅5

4 𝑓5
4 = [

𝐶5𝐶6𝑓𝑥 − 𝐶5𝑆6𝑓𝑦 − 𝑆5𝑓𝑧
𝑆6𝑓𝑥 + 𝐶6𝑓𝑦

𝐶6𝑆5𝑓𝑥 − 𝑆5𝑆6𝑓𝑦 + 𝐶5𝑓𝑧

]  

and 

𝑛𝑇
𝑇 = [𝑛𝑥 𝑛𝑦 𝑛𝑧]𝑇                    

𝑛6
6=[

−𝑑𝑇𝑓𝑦 + 𝑛𝑥

𝑑𝑇𝑓𝑥 + 𝑛𝑦

𝑛𝑧

] 



𝑛5
5 = 𝑅6

5 𝑛6
6 + 𝑃5

6 × 𝑓5
5 = [

−𝑑𝑇𝑆6𝑓𝑥−𝑑𝑇𝐶6𝑓𝑦 − 𝐶6𝑛𝑥 − 𝑆6𝑛𝑦

𝑛𝑧

−𝑑𝑇𝐶6𝑓𝑥+𝑑𝑇𝑆6𝑓𝑦 − 𝑆6𝑛𝑥 − 𝐶6𝑛𝑦

]  

𝑛4
4 = 𝑅5

4 𝑛5
5 + 𝑃4

5 × 𝑓4
4 = [

−𝑑𝑇𝑆6𝐶5𝑓𝑥−𝑑𝑇𝐶5𝐶6𝑓𝑦 + 𝐶5𝐶6𝑛𝑥 − 𝐶5𝑆6𝑛𝑦 − 𝑆5𝑛𝑧

+𝑑𝑇𝐶6𝑓𝑥−𝑑𝑇𝑆6𝑓𝑦 + 𝑆6𝑛𝑥 + 𝐶6𝑛𝑦

−𝑑𝑇𝑆6𝑆5𝑓𝑥−𝑑𝑇𝑆5𝐶6𝑓𝑦 + 𝑆5𝑆6𝑛𝑥 − 𝑆6𝑆5𝑛𝑦 + 𝐶5𝑛𝑧

]  

This gives 

𝑇 = [

−𝑑𝑇𝑆6𝑆5 −𝑑𝑇𝑆5𝐶6 0 𝑆5𝐶6 −𝑆5𝑆6 𝐶5

−𝑑𝑇𝐶6 𝑑𝑇𝑆6 0 −𝑆6 −𝐶6 0

0 0 0 0 0 1
0 0 1 0 0 0

]

[
 
 
 
 
 
𝑓𝑥
𝑓𝑦
𝑓𝑧
𝑛𝑥

𝑛𝑦

𝑛𝑧]
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3D-5-RRRP 

 

Fig.3 3D-5-RRRP 

 

 

a. Direct Differentiation 

�̇� = (−𝐿2𝑆12 − 𝐿1𝑆1)�̇�1 − 𝐿2𝑆12�̇�2

�̇� = (𝐿2𝐶12 + 𝐿1𝐶1)�̇�1 + 𝐿2𝐶12�̇�2

�̇� = −�̇�4

 

�̇�𝑥 = 0

�̇�𝑦 = 0

�̇�𝑧 = 𝜃1 + 𝜃2 + 𝜃3

 

Then it gives 



𝐽0 =

[
 
 
 
 
 
−𝐿2𝑆12 − 𝐿1𝑆1 −𝐿2𝑆12 0 0
𝐿2𝐶12 + 𝐿1𝐶1 𝐿2𝐶12 0 0

0 0 0 −1
0 0 0 0
0 0 0 0
1 1 1 0 ]

 
 
 
 
 

 

Force Propagation: 

𝑓4
4 = [

𝑓𝑥
𝑓𝑦
𝑓𝑧

]  

𝑛4
4 = [

𝑛𝑥

𝑛𝑦

𝑛𝑧

]  

𝑓3
3 = 𝑅4

3 𝑓4
4 = [

𝑓𝑥
𝑓𝑦
𝑓𝑧

]  

𝑓2
2 = 𝑅3

2 𝑓3
3 = [

𝐶3𝑓𝑥 − 𝑆3𝑓𝑦
𝑆3𝑓𝑥 + 𝐶3𝑓𝑦

𝑓𝑧

]  

𝑓1
1 = 𝑅2

1 𝑓2
2 = [

𝐶23𝑓𝑥 − 𝑆23𝑓𝑦
𝑆23𝑓𝑥 + 𝐶23𝑓𝑦

𝑓𝑧

]  

𝑛3
3 = 𝑅4

3 𝑛4
4 + 𝑃4

3 × 𝑓3
3 = [

−𝑑4𝑓𝑦
𝑑4𝑓𝑥
0

]  

𝑛2
2 = 𝑅3

2 𝑛3
3 + 𝑃3

2 × 𝑓2
2 = [

−𝑆3𝑑4𝑓𝑥 − 𝐶3𝑑4𝑓𝑦
𝐶3𝑑4𝑓𝑥 − 𝑆3𝑑4𝑓𝑦
𝐿2𝑆3𝑓𝑥 + 𝐿2𝐶3𝑓𝑦

]  

𝑛1
1 = 𝑅2

1 𝑛2
2 + 𝑃2

1 × 𝑓1
1 = [

𝐶2 −𝑆2 0
𝑆2 𝐶2 0
0 0 1

] 𝑛2
2 + [

𝐿1

0
0

] × 𝑓1
1  



Then we have 𝑛1
12

= 𝐿2𝑆3𝑓𝑥 + 𝐿2𝐶3𝑓𝑦 + 𝐿1𝐶23𝑓𝑦 + 𝐿1𝑆23𝑓𝑥. 

And  

𝑇 = [

𝐿2𝑆3 + 𝐿1𝑆23 𝐿2𝐶3 + 𝐿1𝐶23 0 0 0 1
𝐿2𝑆3 𝐿2𝐶3 0 0 0 1
0 0 0 0 0 1
0 0 1 0 0 0

]

[
 
 
 
 
 
𝑓𝑥
𝑓𝑦
𝑓𝑧
𝑛𝑥

𝑛𝑦

𝑛𝑧]
 
 
 
 
 

 

𝐽4 =

[
 
 
 
 
 
𝐿2𝑆3 + 𝐿1𝑆23 𝐿2𝐶3 + 𝐿1𝐶23 0 0

𝐿2𝑆3 𝐿2𝐶3 0 0
0 0 0 1
0 0 0 0
0 0 0 0
1 1 1 0]

 
 
 
 
 

 


