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Jacobian Matrix - Derivation Methods
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(Method 1)
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Jacobian Matrix - Introduction

In the field of robotics the Jacobian matrix describe

the relationship between the joint angle rates (6y)
and the translation and rotation velocities of the
end effector (x). This relationship is given by:
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Summary — Changing Frame of Representation

« Linear and Rotational Velocity
— Vector Form

Wy = Wpore + 5REVy + 4Qp X #REP,

— Matrix Form

AVQ — AVBORG + gRBVQ + gRQ(gRBPQ)

« Angular Velocity

— Vector Form | “4Q. =40z + 4RBQ,

— Matrix Form Ap _ A ApBp ApT
cRq = gRq + gR¢Rq R

{A}

A
Pporc

{B}
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Velocity of Adjacent Links - Summary

* Angular Velocity
O - Prismatic Joint

i+1 _ i+1pi
Wiy1 = Rw;

« Linear Velocity

Fvier = TIR(P0 X Py + ') +
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Representation / Reference Frame
Computed / Measured Frame

Frame Notation
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Frame - Velocity

« As with any vector, a velocity vector may be described in terms of any frame, and this frame of reference is
noted with a leading superscript.

« A velocity vector computed in frame {B} and represented in frame {A} would be written

Represented
(Reference Frame)

A

d
=—2Bp
o) =77 Fo

A
~—

Computed
————————
(Measured)
N\—\’_/-—
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Position Propagation

« The homogeneous transform matrix provides a complete description of the linear and angular position
relationship between adjacent links.

« These descriptions may be combined together to describe the position of a link relative to the robot base
frame {O}.

OT = 9TiT--- 11T

« A similar description of the linear and angular velocities between adjacent links as well as the base frame
would also be useful.
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Position Propagation
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Motion of the Link of a Robot

* In considering the motion of a robot link we will always use link frame {0} as the reference frame (Computed
AND Represented). However any frame can be used as the reference (represented) frame including the
link’'s own frame (i)

Where: Vi -isthe linear velocity of the origin of link frame (i) with respect to
frame {0} (Computed AND Represented)
w; - |s the angular velocity of the origin of link frame (i) with respect to

frame {0} (Computed AND Represented)

« Expressing the velocity of a frame {i} (associated with link i) relative to the robot base (frame {0}) using our
previous notation is defined as follows:

V=" [Ovi]: [Ovi]

@ EO[OQi]: [OQi]
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Velocities - Frame & Notation

- The velocities differentiate (computed) relative to the base frame {0} are often represented relative to other
frames {K}. The following notation is used for this conditions

kViEk[O\/i]: oR [Ovi]: oR"V,

k(‘)iEk [OQi]: lo(R[OQi]: SR’wi
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Velocity Propagation

« Given: A manipulator - A chain of rigid bodies each
one capable of moving relative to its neighbor

« Problem: Calculate the linear and angular Ty
velocities of the link of a robot

« Solution (Concept): Due to the robot structure
(serial mechanism) we can compute the
velocities of each link in order starting from the
base.

The velocity of link i+1 will be that of link i , plus
whatever new velocity components were added by
joint i+1
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Angular Velocity Propagation
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Velocity of Adjacent Links - Angular Velocity 0/5
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Velocity of Adjacent Links - Angular Velocity 1/5

* From the relationship developed previously
AQC — AQB + gRBQC

« we can reassign link names to calculate the velocity of any link i relative to the base frame {0}

A-0
B —i
C-i+1

%41 = %0 + TRy

« We can convert the frame of reference from the base {0} to frame {i+1} by pre-multiplying both sides of the
equation by ‘*1r ,we can convert the frame of reference for the base {0} to frame {i+1}
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Velocity of Adjacent Links - Angular Velocity 2/5

i+1po0 _ +1po0 i+1p0pi
oR" Qi1 = "R Q; + "GRUR Q44
« Using the recently defined notation, we have

i+1 — i+1 +1pi
Wit1 = 7w+ iR Qg

“+1w;+1 - Angular velocity of frame {i+1} measured relative to the robot base, and expressed in frame {i+1}
Recall the car example ¢
P [WVC ]:CVC
AR PAY - Angular velocity of frame {i} measured relative to the robot base, and expressed in frame {i+1}

i+1iRin-+1 - Angular velocity of frame {i+1} measured relative to frame {i} and expressed in frame {i+1}
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Velocity of Adjacent Links - Angular Velocity 3/5

+1 —
Wit1 =

i+1

Wi

« Angular velocity of frame {i} measured relative to the robot base, expressed in frame {i+1}

i+1

+ IR YY 44

_ i+1pi
w; = "R w;
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Velocity of Adjacent Links - Angular Velocity 4/5

i = Hlo; + ijlinQiif

7

« Angular velocity of frame {i+1} measured (differentiate) in frame {i} and represented (expressed) in frame
{i+1}

« Assuming that a joint has only 1 DOF. The joint configuration can be either revolute joint (angular velocity)
or prismatic joint (Linear velocity).
« Based on the frame attachment convention in which we assign the Z axis pointing along the i+1 joint axis

such that the two are coincide (rotations of a link is preformed only along its Z- axis) we can rewrite this term
as follows:
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Velocity of Adjacent Links - Angular Velocity 5/5

« Theresultis arecursive equation that shows the angular velocity of one link in terms of the angular velocity
of the previous link plus the relative motion of the two links.

i+1 _ i+1pi
Wiy = R'w;+| 0

«  Since the term ‘*'w;,,; depends on all previous links through this recursion, the angular velocity is said to
propagate from the base to subsequent links.
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Linear Velocity Propagation
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Velocity of Adjacent Links - Linear Velocity 0/6

S
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Velocity of Adjacent Links - Linear Velocity 1/6

« Simultaneous Linear and Rotational Velocity

« The derivative of a vector in a moving frame (linear
and rotation velocities) as seen from a stationary
frame

e Vector Form

Vo = Wpore + 8RPV + 405 X gREP,

« Matrix Form

Wo = Wgore + 8RBV, + AR (5REP,)
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Velocity of Adjacent Links - Linear Velocity 2/6

« From the relationship developed previously (matrix form)
Ay _ A ApB Ap (ApB
Vo = “Vsore + 8RBV, + 4Rq(4REP,)

« we re-assign link frames for adjacent links (i and i +1) with the velocity computed relative to the robot base
frame {0}

A-0

B -1
C-i+1

W1 = Ro(OR'P, 1) + OV + QR4

« We can convert the frame of reference from frame {0} to frame {i+1} by pre-multiplying both sides of the
equation by ‘iR
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Velocity of Adjacent Links - Linear Velocity 3/6

“ORVier = "GRRa(GRPiv) + GROV; +

*  Which simplifies to

i+1p0pi
oRiRVip

“HoR%ir1 =" GRRa (TR Pir1) + HHGRV,

i+1pi
iRV

Factoring out ‘*1R from the blue term

HORWiy = IR (éR?RQ?Ri i+1 T (§R0Vi) t

I+1pi
iR

i+1
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Velocity of Adjacent Links - Linear Velocity 4/6

IRV, = IR ({RORQ IR Pry + (ROV;) 4] RV
I—T_

+1Riy,., - Linear velocity of frame {i+1} measured relative to frame {i} and expressed in frame {i+1}

« Assuming that a joint has only 1 DOF. The joint configuration can be either revolute joint (angular velocity) or
prismatic joint (Linear velocity).

« Based on the frame attachment convention in which we assign the Z axis pointing along the i+1 joint axis

such that the two are coincide (translation of a link is preformed only along its Z- axis) we can rewrite this
term as follows:

i+1pi _
iRViy1 =
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Wo = “Vsore + AR PV, + 105 x AR PP, Wo = “Vaore + AR ®Vy + R (£R °Py)

Angular Velocity - Matrix & Vector Forms

Matrix Form Vector Form
o 0 -0, Q] ) Q]
Definition ARy = | Q, 0 —-Q, Op = [y
-, Q. 0 | |27
Multiply by Constant k [gRQ] k [4Qg]
Multiply by Vect ) ¥ ¥
ultiply by Vector [éRQ] y A0 X[yl =w x 7
Z Z
Multiply by Matrix [ SR ] [ gRQ ] [SR]T [ SR ][ 4Qp ]
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Velocity of Adjacent Links - Linear Velocity 5/6

| 0
HER ;s = IR ((RORQIRPriy + (ROV;) +| O
it

ip0p Op|_ ip0Op ipT — ip0n _ i i

Multiply by Matrix

Definition
i+1po0 — i+1 j '
oR"Viyq = Vit1 OLROVL' = ly;
Definition Definition
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Velocity of Adjacent Links - Linear Velocity 6/6

« Theresultis arecursive equation that shows the linear velocity of one link in terms of the previous link plus
the relative motion of the two links.

i+l _ itlp(i i i
Vigr = TiR('wy X Py + ') +[ O

«  Since the term ‘+1y;,, depends on all previous links through this recursion, the angular velocity is said to
propagate from the base to subsequent links.
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Velocity of Adjacent Links - Summary

* Angular Velocity

O - Prismatic Joint

i+

1 _ +1pi
w41 = R0 +

« Linear Velocity

/

i+1
Vi+1

i+]iR(i(1) X L i1 T ivi) +
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3R — Example

Analytical Approach
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Angular and Linear Velocities - 3R Robot - Example

« For the manipulator shown in the figure, compute the angular and linear velocity of the “tool” frame relative to
the base frame expressed in the “tool” frame (that is, calculate ‘wisand  *v.).
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Angular and Linear Velocities - 3R Robot - Example

* Frame attachment
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Angular and Linear Velocities - 3R Robot - Example

e DH Parameters

i a4 ai 1 d i ei
1 0 0 0 6,
2 90 L1 0 0,
3 0 L2 0 0,
4 0 L3 0 0
9|
-
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Angular and Linear Velocities - 3R Robot - Example

From the DH parameter table, we can specify the homogeneous transform matrix for each adjacent link pair:

(cl —s1 0 O
co; —s0; 0 i1 o _|s1 ¢l 0 0
i-1p _ sOica;_; cOicaj_y —saj_q4 —Sa;_1d; 1l = 0 0 1 0
' sO;sa;_q cO;sa;_, caj_q ca;_,d 0 o0 0 1
0 0 0 1 2 —s2 0 L1
17 — 0 0O -1 0
2 s2 cZ o 0
| 0 1
c3 —53 0 L2
2 s3
=10 1 ]
| 0 0
(1 0 0 L3
3-_|10 1 0 O
=10 0 1 o0
0 0 0 1




or -

or =

Angular and Linear Velocities - 3R Robot - Example

The homogeneous transform matrix from frame 0 to each one of the joints (1,2,3,4)

0T =9TiT =

oTT3T =

oTiTTT =

[c1

s1

[c1

s1

[c1

s1

[c1

s1
0

L 0

—s1
cl
0
0

O = O O O = O O O = O O

o= OO

_ o oo = o o O

o oo

roog

clc2

_|slc2
| s2
0

[c3 —s3
s3 c3
0 0
[ 0 0

[c3 —s3
s3 c3
0 0
[ 0 0

—cls1
—s1s2
c2
0
0 L2
0 O
1 0
0 1]
0 L2]
0 O
1 O
0 1.

sl Llcl
—cl Ll1sl
0 0
0 1
clc23
_ [s1c23
s23
0
1 0 O
01 0
0 0 1
0 0 O

—cls23 sl
—s1s23 —cl
c23 0
L3 clc23
0 _|s1c23
0 523

1

c1(L1 + L2c2)
s1(L1 + L2¢c2)
L2s2
1

—cls23 51
—s1s23 —cl
623 0

0

c1(L1 + L3c23 + L2c2)
s1(L1 + L3c23 + L2c2)

L3s23 + L2s2
1




Angular and Linear Velocities - 3R Robot - Example

« Compute the angular velocity of the end effector frame relative to the base frame expressed at the end
effector frame.

0
i+1a)i+1 — l+1llel+ .O
1041
e For 1=0
0 | c1 s1 ofror [o] [o
'w; = gR%wo+|0|=|=s1 ¢1 0[|0|+]|0]|=]0
6, o o 1llol |6, |61
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Angular and Linear Velocities - 3R Robot - Example

0 2 0 s21[0 o] |s26;
For 1=1 2w, = 2R1w, + | 0 :[ ]

( —s2 0 c2|[0[+[0]=[c26,
0, 0 -1 01]6, 0| 0,
0 ] 3 53 oyfs26:] [o 5236,
For i=2 3wz = 3R%*w, +| 0 =[—53 c3 0‘ 20, |+ |0 =] c236,
O:f Lo o ufg, | [0s] |6,+65
0 1 0 o1l s236, 0 s236,
For i=3 *wy, = 3R3w5 + |0 =[o 1 o] c236, |+ |0]| =] c236,
o 10 0 119, +6;] 101 [6,+6;5




Angular and Linear Velocities - 3R Robot - Example

Compute the linear velocity of the end effector frame relative to the base frame expressed at the end effector
frame.

Note that the term involving the prismatic joint has been dropped from the equation (it is equal to zero).

0

i+1 _ I+1p(i [ L
Vit1 = iR( WX Fiygt Vi) +
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Angular and Linear Velocities - 3R Robot - Example

For 1=0
cl s1 O 0
Ly, = 3R{wqy X °P; + %vy} = —51 cl O 0
0
For 1=1
2 0 s21(]o] L1y o
vy = IR{Mwy x P+ My} =|—=s2 0 c2[|O0|x|0[+]|of;=
o -1 ol([6:] Lol lo
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Angular and Linear Velocities - 3R Robot - Example

For 1=3

3 sz o1([s26:] i 0o 1)
3v3=§R{2wzx2Pg+2v2}=[—s3 c30 OL 26| x|o|+| O |[;
o o u{|e | Lol [-L24,]
3 3 01(l 0 N | 12s38,
=[—53 c3 0] L26, = L2¢36,
0 0 U\|-L2c26, —L161]) |(~L1- L2c2)6;
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Angular and Linear Velocities - 3R Robot - Example

For 1=4

v, = 3R{Pw; X Py + 3_773}

1 0 o1(ls236,1 113 12s36, |
=10 1 o]< c236; | x| o[+ L2c30, >
00 e, +6;] Y01 J(-L1-1L2c2)6,],
- L2536, -
=| (L2c3 + L3)6, + L36;
(—L1—L2c2 — L3c23)6;
vanast onotit . WAE 2638 - Dapartment of Mechanical & Asrospace Enginesring - UCLA UCLA



Angular and Linear Velocities - 3R Robot - Example

- Note that the linear and angular velocities (*w,, *v, ) of the end effector where differentiate (measured) in
frame {0} however represented (expressed) in frame {4}

* In the car example: Observer sitting in the “Car” C
. . . 11 ” W W
Observer sitting in the “World [ Vc]

v V)= R [V]= iRy
ka)izk[ogi]: SR[OQi]: oR-®,

Solve for vsand @sby multiply both side of the questions from the left by gR™"

vy = R vy

*ws = GR - wy
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Angular and Linear Velocities - 3R Robot - Example

Multiply both sides of the equation by the inverse transformation matrix, we finally get the linear and angular
velocities expressed and measured in the stationary frame {0}

_ 4p-1 .4, _ 4pT 4, _ Op .4
Uy = oR7"-"vp = oR" -Tvyp = 4R -1y

4p—1 .4, _ 4pT .4, _ Op .4
Wy = oR™7-"wy = gR" -"wy = 4R Ty

=
~3
|

= QT 3T5T3T
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3R — Example

Analytical Approach — Graphical Interpretation
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Angular and Linear Velocities - 3R Robot - Example
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Angular and Linear Velocities - 3R Robot - Example

N AN A
7 \ AN
° (b
A :/ ‘
\ . Zy
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' (1 ";' o
\ g, e
. | L5
. 4 S
wy = |c26, \\ ¢4 Y Y4 e =
- 2 VA x ¥ 02
i 02 | ‘ . &!
i X
zq | \\t\\‘\ 11
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X, Z
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Angular and Linear Velocities - 3R Robot - Example

Lo
A
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Angular and Linear Velocities - 3R Robot - Example

e
\
. i
N ,/ Z
// ,
‘V ////"
/.
3w3 = 4w4 = >
3
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Angular and Linear Velocities - 3R Robot - Example
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Angular and Linear Velocities - 3R Robot - Example
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V3 = L2c36,

Angular and Linear Velocities - 3R Robot - Example

L2s36,

(—L1—L2c2)6;
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Angular and Linear Velocities - 3R Robot - Example

L2s36,

Uy = (L2C3 + LB)HZ

_I_

L36;

—(L1 + L2c2 + L3c23)60,

L @
v\(:w;_"r e '32‘-

v

<
253

153

\)\1 y =Wyl - é» (LLCJ*LQ
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Angular and Linear Velocities - 3R Robot - Example
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