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& Homework

J Homework - Review

- On CCLE, you can check your score and download an annotated pdf
version for your homework.

- All reasons for deduction are described in the pdf file.

J Solution will be uploaded on CCLE too

- The solution for homework2 on the bionics lab — course website is
wrong.

- The solution for homework3 is not uploaded on the course website.
- From this week, solution files will be uploaded on CCLE too.
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Kinematics Relations - Joint & Cartesian Spaces

« The location of the robot end-effector may be specified using one of the
following descriptions:

- Cartesian Space / Operational Space

_[[Py
Xﬁm
Euler Angles

- Joint Space
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s Kinematics Relations - Forward & Inverse

The robot kinematic equations relate the two description of the robot tip location

z B
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Velocity relationship
. Jacobian Matrix — Joint velocity / End-effector velocity

- The velocity relationship: The relationship between the joint angle rates (X)
and the linear and angular velocities of the end effector (8).

X=7J6
_91_
. d 6
0=—[0]=| 2
dt[ ] :
_éN_
Tip Velocity in 0 = ]—1X Tip velocity in
Joint Space Cartesian Space
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Jacobian Matrix - Introduction

« This expression can be expanded to: x=J (Q)Q

’ﬂ _/\_/&ﬁ__ |
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— X isa6x1 vector of the end effector linear and angular velocities
-] (9) is a 6XN Jacobian matrix
— QN Is a Nx1 vector of the manipulator joint velocities

— N is the number of joints
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Jacobian Matrix - Introduction

« The velocity relationship
: The relationship between
the joint angle rates ( g, )
and the translation and rotation velocities of the end
effector ( X ).

« The relationship between
the robot joint torques ( Z )
and the forces and moments ( F )
at the robot end effector (Static Conditions).

t=J(0)'F

UCLA



«  This expression (1 = ](Q)TE) can be expanded to:

T
~J (Q) Is a Nx6 Transposed Jacobian matrix

Jacobian Matrix - Introduction

F

N

Is a Nx1 vector of the robot joint torques

J(0)

NXx6

IS a 6x1 vector of the forces and moments at the robot end effector

is the number of joints

UCLA



Jacobian Matrix - Derivation Methods

Differentiation the
Forward Kinematics Egs.

(Method 1)

¥

Jacobian Matrix

UCLA



Jacobian — static force & torque

In addition to the velocity
relationship, we are also interested in
developing a relationship between
the robot joint torques ( 7 ) and the
forces and moments ( F ) at the
robot end effector (Static
Conditions). This relationship is

z=J(Q@E

given by:
] [ @ F, ]
7, F,
1) F,
= M,
M y
[ Ind L . _Mz_
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Jacobian — static force & torque

STATICS OF SERIAL MANIPULATORS 261

r=J0O)F
_le — —T—FX—
7, Fy
B 3(0) F,
— M,
My :
ol L J LM,

FIGURE 6.1 Fanuc LR Mate robot. (Courtesy of Fanuc Robotics North America, Inc.

Rochester Hills, Michigan.)

» The force / moment equilibrium equations ZF =0 ZM =0
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Jacobian — static force & torque

Typically, the robot is pushing on something in the environment with the
end-effector or is perhaps supporting a load at the hand.

We wish to solve for the joint torques that must be acting to keep the
system in static equilibrium.

The force / moment equilibrium equations =~ > M =0

r=J@)F
] T TTF,°
7, Fy
J(©) F,

—
FIGURE 6.1. Fanuc LR Mate robot. (Courtesy of Fanuc Robotics North America, Inc., a
Rochester Hills, Michigan.)



Jacobian — static force & torque

Static force analysis is of practical importance in determining the quality of force
transmission through the various joints of a mechanism.

It serves as a basis for sizing the links and bearings of a robot manipulator and for
selecting appropriate actuators.

The result also be used for force control of robot manipulator.

r=J(0) E
KA TTF,~
[Z Fy |
M, l
| | 1M,

FIGURE 6.1. Fanuc LR Mate robot. (Courtesy of Fanuc Robotics North America, Inc.,

Rochester Hills, Michigan.)



Statics - Forces & Torques

Problem

Given: Typically the robot’'s end effector is applying forces and torques on an object in the
environment or carrying an object (gravitational load).

Compute: The joint torques must be acting to keep the system in static equilibrium.

UCLA



Statics - Forces & Torques

Solution

Jacobian - Mapping from the joint force/torques - T to forces/torque in the Cartesian space
applied on the end effector) - F

t=J(8) F

Free Body Diagram - The chain like nature of a manipulator leads to decompose the chain into
individual links and calculate how forces and moments propagate from one link to the next.

ST TN
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Static Analysis Protocol - Free Body Diagram 1/

Step 1

Lock all the joints - Converting the
manipulator (mechanism) to a structure

Step 2

Consider each link in the structure as a
free body and write the force / moment
equilibrium equations

(3 Egs.) > F=0
(3 Egs.) Z M =0
Step 3

Solve the equations - 6 Eq. for each link.

Apply backward solution starting from
the last link (end effector) and end up at
the first link (base)

e
)n

T2

UCLA



Static Analysis Protocol - Free Body Diagram 2/

« Special Symbols are defined for the

force and torque exerted by the
neighbor link

fi. Force exerted on link i by link 1-1

N;- Torque exerted on link 1 by link i-1
linki+1

_ Force f or torque n
Reference coordinate \ /
system {B} B A

B ny

Exerted on link A by link A-1

« For easy solution superscript index
(B) should the same as the subscript

(A)

Instructor: Jacob Rosen
Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA UCLA



Static Analysis Protocol - Free Body Diagram 3/

For serial manipulator in static equilibrium (joints locked), the sum the forces and
torques acting on Link i in the link frame {i} are equal to zero.

P {i +1}
{ﬂ; / 1
,,pﬁ S , _ir
/

i
Niyq
* i
-— b fi+1
’A
lnl
zeo > Zlei— =0
DM=0 = Y M=ln— = Paax i =0
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Static Analysis Protocol - Free Body Diagram 4/

For serial manipulator in static equilibrium (joints locked), the sum the forces and
torques acting on Link i in the link frame {i} are equal to zero.

P {i +1}
{ﬂ; / 1
,,pﬁ S , _ir
/

szo S ZF: i =0

DM=0 = Y M=ln- = PurX i =0

- 'fi= 'fit1

N lni_

i i i
Ny + Pirr X fiya

X w / .
N7 ucLa




Static Analysis Protocol - Free Body Diagram 5/

« Changing the reference frame such that each force (and torque) is expressed
upon their link’s frame, we find the static force (and torque) propagation from link

I+1 tolink |

ulz_lfl_td:IJr]!R i+lfi+1 ifi:i+£R i+]fi+1

iI’]izil’l- +P. x'f 'R "In. +'P x'f. in= IR " 4P if

i+1 i+1 i+17 i+l i+1 i+1 i i i1 i+1 i+1 i

 These equations provide the static force (and
torque) propagation from link to link.

« They allow us to start with the force and torque
applied at the end effector and calculate the force
and torque at each joint all the way back to the robot
base frame.

UCLA



‘ Static Analysis Protocol - Free Body Diagram 6/

 Question: What torques are needed at the joints in order to balance the
reaction moments acting on the link (Revolute Joint).

m”»/%

—

3

\_/

o
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Static Analysis Protocol - Free Body Diagram 7/

Question: What torques are needed at the joints in order to balance the
reaction moments acting on the link (Revolute Joint).

Answer: All the components of the moment vectors are resisted by the structure
of mechanism itself, except for the torque about the joint axis (Revolute Joint).

_ 1LT%
0. T n; Z;
(X7}
Niay ] 0
- l l l
— [ Niy niy an] 0
Ceax 1

J
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Static Analysis Protocol - Free Body Diagram 8/

* Question: What forces are needed at the joints in order to balance the reaction
forces acting on the link (Prismatic Joint).

Joint 2 Joint 3
4-—’

ot

UCLA



Static Analysis Protocol - Free Body Diagram 9/

 Question: What forces are needed at the joints in order to balance the reaction
forces acting on the link (Prismatic Joint).

« Answer: All the components of the force vectors are resisted by the structure of
mechanism itself, except for the force along the joint (Prismatic joint).

fi= 'fZ

. . . O
= lfix lfiy Lfiz] \O]
1

UCLA



Static Analysis Protocol - Free Body Diagram 10/

« Answer: All the components of the force and moment vectors are resisted by
the structure of mechanism itself, except for the torque about the joint axis
(revolute joint) or the force along the joint (prismatic joint).

« Therefore, to find the joint the torque or force required to maintain the static
equilibrium, the dot product of the joint axis vector with the moment vector or
force vector acting on the link is computed

r=n'2=[n, 'n, 'n,]

Revolute Joint

R O O O O

=T, =, f, ]

Prismatic Joint

UCLA



Static Analysis

Solution

« Apply the static equilibrium equations starting from the end effector and going
toward the base
IFQ |+1f

! 1:'__|+1
Static force “propagation” from link to link i R i = f
n.=; n.,+ X

i+1 i+1 i+1

« Tofind the joint torque or force required to maintain the static equilibrium,
the dot product of the joint axis vector with the moment vector or force vector

acting on the link is computed

() _()_

=7z, =[n, 'n, ' ]0 f=f T2, [, ] 0
_1_ 1 I 1 1 1

Revolute Joint Prismatic Joint o
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SCARA — RRRP — DH Parameter (Modified form)

¢
914 ll 2 l 93
(o>
]
Q /_\ N
71 fﬂ ZZ? Z3L Modified form:
50 > — X3 a;_; - The distance from Zr  to Z measured anngX
Xo A

i

% 1-The angle betweenZ ,and Z measured about X
d, d, - The distance from ){t to ' measured along Z
6, - The angle betweeny and X measured about Z
i

0 0 0 0,
0 L, 0 0,




SCARA - RRRP

Modified DH parameter

syms pi

L{1) = Link('revolute','d’,@,'a",@, 'alpha’,®, 'modified"};

L(2) = Link('revolute','d',®,'a",11, 'alpha’,@, 'modified");

L(3) = Link('revolute','d',®,'a",12, 'alpha’,@, 'modified");

L{4) = Link('prismatic', 'alpha’,pi, 'theta’, @ ,'a',0, 'modified")

SCARA = SerialLink(L, 'name','SCARA")

For plot [mm]

11 = 9.3; 12=0.3; pi= 3.14;
Tl =8; t2=0; t3=9; d4=0.2;
th= [tl t2 t3 d4];

L_P{1) = Link('revolute','d',@,'a"',8, 'alpha’',@, 'modified');

L_P(2) = Link('revolute','d',9,"'a"',11, "alpha’,9, 'modified"');
L_P(3) = Link('revolute','d',®,"'a"',12, 'alpha’',8, 'modified"');

L P(4) = Link('prismatic’, ' 'alpha',pi, 'theta', @ ,'a’,@, 'modified")

SCARA_P = SeriallLink(L_P, 'name’, 'SCARA")

figure()
SCARA_P.plot(th, 'workspace',[-1 1 -1 1 -1 1])

SCARA:: 4 awis, RRRP, modDH, slowRME

- -
| 31 theta |
feammpocmccncnana -
| 1] ql|
| 2] q2|
[ 2] q3|
| 4] 8|
fommfmommenoan-a fmmmmmommna-
1
0.5
N 0
-0.5

T e LT frmmmmmmmm—— +
d | a | alpha | offset |
fmmmmmmmmm—- $rmmmmmmmma= frmmmmmmmm—— +
al a| al 2}
al 11] al 8|
al 12| al 8|
94| 8| pil ]
e fommmmmmeoan fommmmmmeaas +

\y

SCARA




Simplify Function

TO 4 = SCARA.A([1 2 3 4],q)

T0_4 =
cos(ry) o, — sin(ty) o3 o 0 Lo,+1, cos(ty)
G sin(t;) 63 — cos(t;) 6, 0 Loy + 1, sin(1,)
0 0 =1 —d,
0 0 0 1
where

o= cos(ts) 0y + Siﬂ(l;) ()

0, = cos(t,) cos(t,) —sin(t,) sin(r,)

o3 = cos(t)) sin(r;) + cos(t,) sin(t,)

simplified_To 4 = simpli-FyI(SCﬂnRA.A{[l 2 3 4],q))

simplified T@ 4 =
cosify+t+1)  sinlt, +1+ ;)
sinff, +t,+1;) —cos(f,+6+1;)
0 0
0 0

0 Lcos(t + )+, coslt)
0 Lsin(s +1,) 4+, sin(r,)
-1 —d,

0 1
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syms pi

3D-1-RRR Modi

clear all; close all;
syms t1 t2 t3 12 13

L1(1) = Link('revolute','d',0,'a',0, 'alpha’,@, 'modified");
L1(2) = Link('revolute','d',0,'a',0, 'alpha’,-pi/2, 'modified");
L1(3) = Link('revolute','d',0,'a',12,"alpha’',0, 'modified");
L1(4) = Link('revolute','d',0,'a',13,"'alpha’',0, 'modified");
Robot_3D_1 RRR = SeriallLink(L1l, 'name', '3D-1-RRR Modi')
Robot_3D_1_RRR =
3D-1-RRR Modi:: 4 axis, RRRR, modDH, slowRNE
B e e B B it B +
| 3 | theta | d | a | offset |
E e Fommmmmmm - - e e Fommmmmmm- - +
| 1] qi| el ol el
| 2] q2| ol ol ol
| 3] a3 ol 12| ol
| 4 q4| ol 13| ol
B e Fo-mmmmm- - e e Fo-mmmmm - +
o1 et i i et Telon
ot - —sin(r, I (@4 @)+ ER]|1|)4w‘NJ\M.(MT\’(\?Z.‘(U‘H“SI “‘JG?MHi’rl:‘f::wkfs‘-(:i:::\:‘l.;l!n‘.ﬁT.‘rm L+
mom o ace b= e (2 e S
. 1) —coslty + 1) :Wm% —hysin(ey +15) — fy sinty
0 0 0 1
where
_ 811206384 1460667672803 1405122553 sinls; — 1, 4+ 1,
a= 162259276829213363391 578010288128
553 coslt, — 1, +1,)

_ B11296384 1460667

1622592

6605165575 sinir, + 1. + 1)
91578010288128

_ 11206384 146066860
" 1622502768202133

_ 811296384 | 4606686663546605 163575 cos(ry + 1, + 1)
o 1622502768292 13363301 578010288128

3D-1-RRR Modi

clear all; close all;
syms t1 t2 t3 12 13

L1(1) = Link('revolute','d',@,'a',@, 'alpha’,@, 'modified');
L1(2) = Link('revolute','d',@,'a",@, 'alpha’,-pi/2, 'modified');
L1(3) = Link('revolute','d',@®,'a"',12, " 'alpha’',0, 'modified");
L1(4) = Link('revolute','d',®0,'a",13, 'alpha’,0, 'modified’);
Robot_3D_1 RRR = Seriallink(L1, 'name', '3D-1-RRR Modi')

Robot_3D_1 _RRR =

3D-1-RRR Modi:: 4 axis, RRRR, modDH, slowRNE

et ST mmmmm oo mmmm oo dmmmm e mmmmm o
| 3 | theta | d | a | alpha |
N N N N T
| 1] ql| 0| 0|
| 2] q2| 0| 0| -pi/2|
| 3] q3| 0| 12|
| 4] q4| 0| 13| 0|
e e e e R ———
3D-1-RRR Modi_Direct Kinematics
To 4 =
cos(t, + t5) cos(ty) —sin(t, + t3) cos(z,) —sin(z,) cos(t)) o
cos(t, + 13) sin(¢;) —sin(f, + 13) sin(z,)  cos(r)) sin(f,) o,
—sin(t, + t3) —cos(t, + 13) 0 —lysin(t, + t3) — L, sin(t,)
0 0 0 1

where

o = 13 COS(tQ + 13) + lQ COS(tz)



SCARA example _Jacobian: Static force propagation

The recursive equations for static force and torque from link i+1 to link i

. ——
lfi = i+1lRl fi+1

i ipi+l i i
Ny = 1R N1+ Py X Of

It allows us to start with the force and torque applied at the end effector.

By using this recursive equation, we can calculate the force and torque
at each joint all the way back to the robot base frame

f, n,
Starting with 4 f,=| f, n, = n,
fz _ _nZ _

3 3 4 3 3 4 3 3
f,=,R"f, n,=,R ™, +°P,x"f,
2 2 3 2 2 3 2 2
f,=3R °f, n,=;R°n,+ P, x°f,

Y= IR2f, 'n = R%n,+'P,x'f,




‘ SCARA example _Jacobian: Static force propagation

Force propagation

j i pi+1
lfi — i+1lRl fi+1

f, fa = [fx;fy;fz]
“f,=| 1, f3 = R3_4a*f4;
f f3 = collect(f3,[fx fy fz])
-7 f2 = R2_3*f3;
’f,=JRf 1
3= 4 4 f2 = collect(f2,[fx fy fz])

°f, = IR °f, f1 = R1_2%f2;
1§ _ 1p 2¢ fl = simplify(collect(fl,[fx fy fz]))
- 2




SCARA example _Jacobian: Static force propagation

« Force propagation RO_1 = t2r(TO_1) 181 = SCARA.A([1],q)
R1 2 = t2r(T1 2) T1_2 = SCARA.A([2],q)
le _ ipi+lc R2 3 = t2r(T2 3 T2_3 = SCARA.A([3],q)
fl - i+1R fl+1 R3_£1 _ t2r‘ET3_4; T3_4 = SCARA.A([4],q)
f Te_ 1 =
X
RO_1 =
4f4 - f - cosie,) —siniy) 00
g costr) _Niﬂ“':l 0 sin(f)  cos(y) O 0
fz sin(f,)  cos(r) 0O 0 0 10
- - 0 ] 0ol
3f SR 4f ) 0
3 4 4 RL 2 =
2f —2R3 cos(t;) —sin(r;) 0 cos(ty) =sinlry) 0 1,
f2 _ 3R f3 - ) sinlfy)  cos(t) 0 0
1 1 2 sin(t.) cos(t) 0 “' “' Lo
fl =2 R f2 0 0 | 0 0 01
R2_3 = T2_3 =
r[a;xe;tfﬁ?] cos(fy) —sin(ty) 0 cosit) —sin(zy) 0 1L,
coflectffa,[h fy fz1) sin(r;)  cos(r;) 0O sin(t;)  cos(ts) 0 0
R2_3*F3; [] U' I ] ] I 0
collect(f2,[fx fy fz]) 0 ] 0ol
R1_2*f2; R3_4 = T34 -
simplify(collect(f1,[fx fy fz])) I 0 0
0 -1 0 I 0 0 0




ta
f3
f3
f2
f2
fl
f1l

SCARA example _Jacobian: Static force propagation

Force propagation

ifi_

i+1 - .
z+1R fis1 f,
4 _
f,=|f,
fZ
3 3p 4
f3—4R f4
2 2p 3
f,=3R °f,
1 1 2
f,=,R“f,
[fx;fy;fz]
R3_4*f4;
collect(f3,[fx fy fz])
R2_3*f3;
collect(f2,[fx fy fz])
R1 2*f2;

simplify(collect(fl,[fx fy fz]))

-’rf
unlhbix—kf—LuurﬂJi}

fx cosit, +15) + fysin(e, +15)

fx sinit, +13) — fycosit. +15)

f4 =
£2 =
( cos(t;) fx + sin(t;) fy

— iz




‘ SCARA example _Jacobian: Static force propagation

« Torque propagation n; = i+1iRl+1ni+1 + Py X 'f;

_nx_
dn
n,=n, nd = [nx;ny;nz]

n, n3 = R3_4*nd4 + cross(P3_4,13);
; _3 . ; ; n3 = collect(n3,[fx fy fz nx ny nz])
n,=,R"n, +°P,x"f, n2 = R2_3*n3 + cross(P2_3,f2);
zn2 :§R 3n3+2P3><2f2 n2 = simplify(collect(n2,[fx fy fz nx ny nz]))
. e . . n2 = collect(n2,[fx fy fz nx ny nz])
n=,R"N,+ Bx"f nl = R1_2*n2 + cross(P1_2,f1);




n4
n3
n3
n2
n2
n2
nl

SCARA example _Jacobian: Static force propagation

N /

« Torque propagation l’ni = i+1
nX
4 —
n,=|n,
nZ

3 3 4 3 3
n,=,R™n,+°P,x"f,
2 2 3 2 2
n,=;R°n,+"P,x"f,

1 _ 1p 2 1 1
n=,Rn,+"P,x"f

[nx;ny;nz]

R3_4*nd4 + cross(P3_4,13);

collect(n3,[fx fy fz nx ny nz])

R2_3*n3 + cross(P2_3,f2);
simplify(collect(n2,[fx fy fz nx ny nz]))
collect(n2,[fx fy fz nx ny nz])

R1_2*n2 + cross(P1_2,f1);

Niyq +

Py X '

n4 =

nx
(ny)

nz
n3 =

(=d,;) fy +nx
(lnﬁ} - ny)

—nz

n2 =

{dysin(r;)) X +a, fy + cos(sy) nx + sin(z;) ny
ey X 4+ (=dysin(t;)) ty + 15 {2 + sin(#;) nx + (=cos(f;) ) ny

(fysin(rs)) tx + (=1 cos(ry)) ty —nz

where

@, = —d, cosity)
nl =
@ X + o Ty + (=6 sinlfs)) fz + cos(t, + 15) nx + sin(f, + ) ny
oy X+ (—a,) ty + (I, + L cos()) fz + sin(f, + ¢5) nX + (—cos(t, + 15)) ny

(fsin(ts 4+ 13) + L sin(eq)) fx + (=1, cos(t: + 1:) = L cos(ry)) fy —nz

where

g, = —d, Cosit, + 13}

o, = dysin(t; + 13)



To find the joint torque required to maintain the static equilibrium for a revolute
joint,

0

i T, T i i
Ti= My Zi=| MNix MNiy Ni,|]|0
1

To find the joint force required to maintain the static equilibrium for a prismatic
joint,

. T , , . 0
fi=fit={"fix fiy 'ie] H

We are only interested in 'n;, and 'f;,

Tl znl,Z
[ n;,
7] = 3| | 3
n3,z
Ty 4f
| 4,7 |




SCARA example _Jacobian: Static force propagation

tql
tg2
tq3
tgd

tgl
tg2

tq3

tgd

collect(transpose(nl)*[8;0;1],[fx fy fz nx
collect(transpose(n2)*[@;@;1],[fx fy fz nx
collect(transpose(n3)*[@;8;1],[fx fy fz nx
collect(transpose(fd4)*[@;8;1],[fx fy fz nx

(f, sinits + 15) + L sin(ry)) fx + (=1, cos(r, + 13) — [, cos(ty) ) fy —nz

(1,sin(r;)) fx + (=l cos(ry)) fy —nz
—-nz

fz

I 0
_1n - [1an 1nLy 1“12] 0
T, ] ] 1,z , 1
Ty | M2z| _ N2z
;3 3n31 3”32
- i 4]%;2

0
| “fax 4f4,y “faz] l()‘
| 11

ny nz])
ny nzl)
ny nz]l)
ny nzl)

UCLA



SCARA example _Jacobian: Static force propagation

The Jacobian ( *],) is defined as

A
fy
4, 1T
[ =["] |
X
ny
U
-1
Tl nl,Z
2
) . e 1) n;,
According to the definition | 2| = 5 :
3 n3,z
4. 4f4
| ,Z
T fx
nyz f
) y
le,z 4 T
3 :[ ]4] J2
n3,z Ny
4 n
f4,Z ny
| 1¢7
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TQ1 = (I sin(t, + ;) + L sin(t;) =i cos(t, + 1) = Leos(r;) O 0 0 =)

Q2 = (Lsin(ty) =heos(r;) 0 0 0 —1)

SCARA example _Jacobian: Static force propagation

=[]’

T3 = (0 0O 0O 0O 0O —=1)

TQ4 =

(00 1

000

TQ1l = equationsToMatrix([tgl],[fx fy fz nx ny
TQ2 = equationsToMatrix([tg2],[fx fy fz nx ny
TQ3 = equationsToMatrix([tq3],[fx fy fz nx ny
TQ4 = equationsToMatrix([tg4],[fx fy fz nx ny
J4 FP.T = [TQ1;TQ2;TQ3;TQ4]
J4 FP = transpose(J4_FP_T)
J4_FP_T =
[, sini{r, + 15) + L sinit;) =1, cos(t; + 15) — [ cosi1y)
I sin(r;) —l; cos(t;)
0 0
0 0

nzl)

nzl)
nz])
nz])

0 0
0 0

0 0
10

UCLA
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SCARA example _Jacobian: Static force propagation

[ =[%.]

J4_FP_T = [TQ1;TQ2;TQ3;TQ4]
J4_ FP = transpose(J4 FP_T)

4 FP T = J4_FP =
[, sin(t, + 15) + [, sin(ty) =/, cos(ts +15) = Lcos(ry) O 0 0O =1 ( lysin(ty + 1) + Lsin(t;)  Lsin() 0 0
I, sin(13) ~15 cos(t;) 000 =1 =l cos(t, +15) =l cosity) —=lcos(rs) O 0
0 0 000 -l - 0 0 0 1
0 0 100 0 0 0 0 0
0 0 0 0
\ -1 -1 -1 0/
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Jacobian Methods of Derivation & the
Corresponding Reference Frame - Summary

Jacobian Transformation to Base Frame (Frame 0)
Matrix
Reference
Frame
Explicit 0 None
(Diff. the Forward I
Kinematic Eq.)
Iterative Velocity Eq. Transform Method 1: 0 N
VA NR Y
0 0pN
y W, =R @,
) J\ Transform Method 2:
0
R0 |
OJN (9) = |:‘\ 0 :| ‘\JN(H)
0 JR
Iterative Force Eq. Transpose N N +T T
J N — "/ N]
N yT
J N Transform




Jacobian: Frame of Representation

R

o O O
o O O
o O O

|R]

o O O
o O O
o O O

% convert 4J4_FP to @14 _FP
J8_FP=[R@_4 zeros(3,3); zeros(3,3) R@_4]%J4 FP;
18 _FP=simplify(J@_FP)

J4_FP = 18_FP =
( [y sin(ts + 1) + [ sin(ry) Lsin(t;) 0 0Y /—!151'n[r| + ) = I, sin(t,) —bLsin(r, +16) 0 0 \
=l cos(t,+ 1) — [ cosit;) —lcosirs) O 0 [,cos(t,+ 1)+ {,cos(ty) Lcos(t,+6) 0O 0
0 0 0 1 — > 0 0 0 -1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
\ -1 -1 -1 0/ \ | | 1 0/




SCARA example _Jacobian Matrix

Differentiation the

(Method 1)

Forward Kinematics Egs.

4 FP T =
[y sinfty + t5) + sin(ry) = cos(t+ 1) —Leos(;) 0 0 0 —
J JP 15 sin(ry) =l cos(t;) 000 -1
— J’ 0 0 000 -1
() 0 0 100 0
14 WP = J4_FP =
=l cos(ty +1;) = lhcos(r;) —hcos(r;) 0 0 —1, cos(ts + ;) — lrcos(t;) —hcos(ts) O 0
0 1] 0 1 0 0 0 1
0 Q 0 0 0 0 0 0
0 0 00 0 0 0 0
-1 -1 -1 0 1 1 ~1 0
Jo_DD = Ja_VP = 78 EP =

=Lsin(ty + 1) = I sin(#)) =bLsinlf;+1,) 0 0 —bLsin(t, + 1) — I, sin(r,) =L sin(n +6) 00 _Lsin(t, + 1) — I, sin(t,) —bsin(t, +1,) 0 0
Lycos(ty + 1) + 1 cosl(ry)  Leos(ty+1,) 0 0 Leos(r, + t:) + 1, cos(t,)  Leos(t,+6) 0 0 Lcos(t, + 1) + 1y cos(t,)  hoos(t+1,) O 0

0 0 0 -1 0 0 0 -1 ’ ) ' '
0 0 0 -1
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

i ] 10 | | L0 0 0 00
1 | 1 0
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s Kinematics Relations - Forward & Inverse

The robot kinematic equations relate the two description of the robot tip location

z B
‘91‘ 0 = IK(X) Yo B
— 92 6
0 = . ¥ N/ Zﬂ
: 0 { Base }
| | &
X = FK(6)

OR OP
: o o7 —| N N : L
Tip Location in N' — 0 1 Tip Location In
Joint Space Cartesian Space

UCLA



Velocity relationship
. Jacobian Matrix — Joint velocity / End-effector velocity

- The velocity relationship: The relationship between the joint angle rates (X)
and the linear and angular velocities of the end effector (8).

X=7J6
_91_
. d 6
0=—[0]=| 2
dt[ ] :
_éN_
Tip Velocity in 0 = ]—1X Tip velocity in
Joint Space Cartesian Space

UCLA



Jacobian Matrix - Introduction

« The velocity relationship
: The relationship between
the joint angle rates ( g, )
and the translation and rotation velocities of the end
effector ( X ).

« The relationship between
the robot joint torques ( Z )
and the forces and moments ( F )
at the robot end effector (Static Conditions).

UCLA



Jacobian Matrix - Derivation Methods

Explicit Method Iterative Methods
Recursive Equations

Differentiation the PrOVZ'O:tiig’n _
Forward Kinematics Egs. B;’sfto EE
(Method 1) (Method 2)

UCLA



Jacobian: Direct Differentiation

pe =Jprla)q (3.2)

We = Jﬁ{q}q {33)
In (3.2) Jp is the (3 x n) matrix relating the contribution of the joint veloc-
ities ¢ to the end-effector linear velocity p_, while in (3.3) Jp is the (3 x n)
matrix relating the contribution of the joint velocities ¢ to the end-effector
angular velocity w.. In compact form, (3.2), (3.3) can be written as

=

e = [ i] — J(a)i (3.4

which represents the manipulator differential kinematics equation. The (6 xn)
matrix J is the manipulator geometric Jacobian

J = HE] ., (3.5)

which in general is a funetion of the joint variables.




Jacobian: Direct Differentiation

In summary, the Jacobian in (3.5) can be partitioned into the (3 x 1)
column vectors 7p; and j,,; as

Jp1 JPn
J— o -. (3.29)
Jo Jon
where
zi—l] for a prismatic joint

P 0
Joi Zi—1 X (Pe — Pi_1)
Zi—1

] for a revolute joint.

The expressions in (3.30) allow Jacobian computation in a simple, systematic
way on the basis of direct kinematics relations. In fact, the vectors z;,_,, p,
and p, , are all functions of the joint variables. In particular:
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Jacobian Matrix - Derivation Methods

Explicit Method Iterative Methods
Recursive Equations

Differentiation the PrOVZ'O:tiig’n _
Forward Kinematics Egs. B;’sfto EE
(Method 1) (Method 2)
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Velocity Propagation

« Given: A manipulator - A chain of
rigid bodies each one capable of
moving relative to its neighbor

* Problem: Calculate the linear and
angular velocities of the link of a
robot

« Solution (Concept): Due to the robot
structure (serial mechanism) we can
compute the velocities of each link
in order starting from the base.

The velocity of link i+1
= The velocity of link i
+ whatever new velocity components were added by joint i+1

UCLA



Velocity Propagation — Intuitive Explanation

Three Actions

— The origin of frame B moves with respect to the origin of frame A
— Point Q moves with respect to frame B

— Frame B rotates with respect to frame A about an axis defined by A Q.

Vector Form

Q

V,="Vgoms +aR BVQ +4Q, ><E§\RBPQ

Matrix Form

A A
A\/Q = VBORG +g

ROV, +2R, (2R®P, )

{A}

AQB

A
Pporc

{B}
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Jacobian: Velocity propagation

« The recursive equation for the Angular Velocity is

0 . : .
41 itip i o | P =0inthe prismatic joint
@it R witp g...| P =1inthe revolute joint
i+1

e The recursive equation for Linear Velocity is

i+1 . i+1R( i) 5 Lo )+ 8 p = 1in the prismatic joint
Vier = iR @ 1T V)P j ’p = 0 in the revolute joint
- 4
V4,x
4
v4,y
7 4 4
4v 0'1 (2} _ v4,Z
» According to the definition | , * | =[ /4] :> " *w, Wt
Wy 03 4
d, ] Wy 2
4
| Wa3




Jacobian Matrix - Derivation Methods

Differentiation the
Forward Kinematics Egs.

(Method 1)

¥

Jacobian Matrix
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Jacobian: Force/Torque propagation

Solution
Apply the static equilibrium equations starting from the end effector and going toward
the base

IFQ |+1f

i+1

R *n ,+'P 1,

i+l i+1 i+1

o

Static force “propagation” from link to link

e To find the joint torque or force required to maintain the static equilibrium, the dot
product of the joint axis vector with the moment vector or force vector acting on the
link is computed

0 _()_

=7z, =[n, 'n, ' ]0 f=f T2, [, ] 0
_1_ 1 I 1 1 1

Revolute Joint Prismatic Joint o
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SCARA example _Jacobian: Static force propagation

The transpose of Jacobian ( *J7 ) is defined as

A
fy
4, 1T
T =[".]|/2
X
ny
_nZ_
-1
Tl nl,Z
2
) . e 1) n;,
According to the definition | 2| = 5 :
3 n3,z
4. 4f4
| ,Z
T fx
nyz fy
2
le,z 4 T
3 :[ ]4] J2
n3,z Ny
4 n
f4,Z ny
| 1¢7
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SCARA example _Jacobian Matrix

Differentiation the

(Method 1)

Forward Kinematics Egs.

4 FP T =
[y sinfty + t5) + sin(ry) = cos(t+ 1) —Leos(;) 0 0 0 —
J JP 15 sin(ry) =l cos(t;) 000 -1
— J’ 0 0 000 -1
() 0 0 100 0
14 WP = J4_FP =
=l cos(ty +1;) = lhcos(r;) —hcos(r;) 0 0 —1, cos(ts + ;) — lrcos(t;) —hcos(ts) O 0
0 1] 0 1 0 0 0 1
0 Q 0 0 0 0 0 0
0 0 00 0 0 0 0
-1 -1 -1 0 1 1 ~1 0
Jo_DD = Ja_VP = 78 EP =

=Lsin(ty + 1) = I sin(#)) =bLsinlf;+1,) 0 0 —bLsin(t, + 1) — I, sin(r,) =L sin(n +6) 00 _Lsin(t, + 1) — I, sin(t,) —bsin(t, +1,) 0 0
Lycos(ty + 1) + 1 cosl(ry)  Leos(ty+1,) 0 0 Leos(r, + t:) + 1, cos(t,)  Leos(t,+6) 0 0 Lcos(t, + 1) + 1y cos(t,)  hoos(t+1,) O 0

0 0 0 -1 0 0 0 -1 ’ ) ' '
0 0 0 -1
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

i ] 10 | | L0 0 0 00
1 | 1 0
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Jacobian Methods of Derivation & the
Corresponding Reference Frame - Summary

Jacobian Transformation to Base Frame (Frame 0)
Matrix
Reference
Frame
Explicit 0 None
(Diff. the Forward I
Kinematic Eq.)
Iterative Velocity Eq. Transform Method 1: 0 N
VA NR Y
0 0pN
y W, =R @,
) J\ Transform Method 2:
0
R0 |
OJN (9) = |:‘\ 0 :| ‘\JN(H)
0 JR
Iterative Force Eq. Transpose N N +T T
J N — "/ N]
N yT
J N Transform




Summary

v' Jacobian with SCARA example
* Velocity propagation
* Direct differentiation
* Force/Torque propagation
v' Frame of Representation
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Next Discussion Section

J Manipulator Dynamics - Concept
* Forward Dynamics
* |nverse Dynamics

J Manipulator Dynamics - Solution
* Newton-Euler Equations
* Lagrangian Dynamics

d Or Lab section with DENSO robot
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