
Manipulator Dynamics 1

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263B - Department of Mechanical & Aerospace Engineering - UCLA



Forward Dynamics

Problem

Given: Joint torques and links 

geometry, mass, inertia,  

friction, joint torques 

Compute: Angular acceleration of the 

links (solve differential

equations)

Solution

solve a set of differential equations

Dynamic Equations - Newton-Euler method or 

Lagrangian Dynamics

),()(),()(   FGVMτ

Instructor: Jacob Rosen 
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Inverse Dynamics 

Problem

Given: Angular acceleration, velocity and

angels of the links in addition to

the links geometry, mass, inertia,

friction 

Compute: Joint torques 

Solution

Solve a set of algebraic equations

Dynamic Equations - Newton-Euler method or 

Lagrangian Dynamics
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263B - Department of Mechanical & Aerospace Engineering - UCLA
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Dynamics Modeling Application – Motivation 

Motion Capture

Instructor: Jacob Rosen Ph.D.

Models of Robot Manipulation - EE 543 - Department of Electrical Engineering - University of Washington



Dynamics Model Application – Motivation

Position Control  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Manipulator Dynamics – Newton Euler Equations 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Iterative Newton Euler Equations 

Steps of the Algorithm

• (1) Outward Iterations 

– Starting With velocities and accelerations 

of the base 

– Calculate velocities accelerations, along 

with forces and torques (at the CM)  

• (2) Inward Iteration

– Starting with forces and torques (at the 

CM) 

– Calculate forces and torques at the joints 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA
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Iterative Newton-Euler Equations - Solution Procedure

Phase 1: Outward Iteration 

• Calculate the link velocities and accelerations iteratively from the robot’s base to 

the end effector 

• Calculate the force and torques applied on the CM of each link using the Newton 

and Euler equations  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA
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Iterative Newton-Euler Equations - Solution Procedure

Phase 2: Inward Iteration 

• Use the forces and torques generated at the joints starting with forces and 

torques generating by interacting with the environment (that is, tools, work 

stations, parts etc.)  at the end effector al the way the robot’s base.  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA
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Dynamics - Newton-Euler Equations

• To solve the Newton and Euler equations, we’ll need to develop mathematical 

terms for:

– The linear acceleration of the center of mass

– The angular acceleration

– The Inertia tensor (moment of inertia)  

- The sum of all the forces applied on the center of mass 

- The sum of all the moments applied on the center of mass 
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Newton Euler Equations 

Derivation Based on Momentum

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Dynamics - Newton-Euler Equations

Newton Equation

• For a rigid body (like a robot link) 

whose center of mass is 

experiencing an acceleration, the 

force acting at the center of mass 

that caused the acceleration is given 

by Newton’s equation

• For our robot manipulators, whose 

link masses are constant, this 

equation simplifies to

 
dt

mvd
F c

CC mavmF  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Dynamics - Newton-Euler Equations

Eular Equation

• For a rotating rigid body, the moment 

that causes an angular acceleration 

is given by Euler’s equation

• For our robot manipulators, whose 

link moment of inertia is constant, 

this equation simplifies to

• The second term on the right will be 

non-zero when the link’s angular 

velocity vector is not coincident with 

the link’s principle axis of inertia.

 
dt
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Linear Momentum – Particle  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Linear Momentum – Rigid Body  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Angular Momentum – Particle  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Angular Momentum – Rigid Body  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Angular Momentum – Rigid Body  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Transport Theory

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Manipulator Dynamics – Newton Euler Equations 

The Angular Acceleration

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA





Dynamics - Newton-Euler Equations

• To solve the Newton and Euler equations, we’ll need to develop mathematical 

terms for:

– The linear acceleration of the center of mass

– The angular acceleration

– The Inertia tensor (moment of inertia)  

- The sum of all the forces applied on the center of mass 

- The sum of all the moments applied on the center of mass 
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Deriving Angular Acceleration – Vector Approach 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA





Propagation of Acceleration – Angular 

Vector Approach 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Propagation of Acceleration – Angular 

Vector Approach 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Deriving Angular Acceleration – Matrix Approach 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA





Propagation of Acceleration – Angular

Matrix Approach

• To derive a general formula for the angular acceleration, we will differentiate the 

angular velocity

• Applying the chain rule, we find:

• Recall that

• Substitution of this result yields
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Propagation of Acceleration - Angular

Matrix form (Revolute Joint)

• Converting from matrix to vector form gives the angular acceleration vector

Vector form (Revolute Joint)

• If joint i+1 is prismatic, the angular terms are zero (                        ) and the 

above equation simplifies to:

Matrix form (Prismatic Joint)
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Instructor: Jacob Rosen 
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Manipulator Dynamics – Newton Euler Equations 

The Liner Acceleration of the Center of Mass

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA
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Dynamics - Newton-Euler Equations

• To solve the Newton and Euler equations, we’ll need to develop mathematical 

terms for:

– The linear acceleration of the center of mass

– The angular acceleration

– The Inertia tensor (moment of inertia)  

- The sum of all the forces applied on the center of mass 

- The sum of all the moments applied on the center of mass 
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Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Propagation of Acceleration - Linear

Simultaneous Linear and Rotational Velocity

• Vector Form

• Matrix Form
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Deriving Linear Acceleration – Matrix Approach

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA
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Propagation of Acceleration – Linear

Matrix Approach 

• To derive a general formula for the linear acceleration, we will differentiate the 

linear velocity.  However, instead of differentiating the recursive equation like we 

did for the angular acceleration derivation, we’ll begin at a slightly earlier step.  

Recall the three-part expression:

• Re-assigning the link frames  (                                                  ), we find

• Differentiating using the chain rule gives:
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Propagation of Acceleration – Linear

Matrix Approach 

• Combining the two like terms, we find:

• Pre-multiplying both sides of the equation by           gives:

• Expanding terms gives
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Propagation of Acceleration – Linear

Matrix Approach 

• Simplifying the previous equation using (Note:                                               )

• we have 
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Propagation of Acceleration – Linear

Matrix Approach 

• This equation can be written equivalently as:

General form

• If joint i+1 is revolute joint, the linear terms are zero and the above equation 

simplifies to:

Revolute Joint
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Propagation of Acceleration - Linear

• From the general equation, we can also get the solution for the acceleration of 

the center of mass for link i.  Appropriate frame substitution and elimination of 

prismatic terms gives we find:

• Frame  {Ci} attached to each link with its origin located at the Center of mass of 

the link, and with the same orientation as the link frame {i}
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Deriving Linear Acceleration – Vector Approach

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA
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Propagation of Acceleration – Linear

Vector Approach 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Propagation of Acceleration – Linear

Vector Approach 



Propagation of Acceleration – Linear

Vector Approach 



Manipulator Dynamics – Newton Euler Equations 

Forces & Torques 

Applied at  the Center of Mass

Applied at the Joints 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA
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Dynamics - Newton-Euler Equations

• To solve the Newton and Euler equations, we’ll need to develop mathematical 

terms for:

– The linear acceleration of the center of mass

– The angular acceleration

– The Inertia tensor (moment of inertia)  

- The sum of all the forces applied on the center of mass 

- The sum of all the moments applied on the center of mass 

 IIN cc  

cvmF 

cv



Ic

F

N

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Expression of Force & Torque With Respect to the CM 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Iterative Newton-Euler Equations

• The Newton and Euler equations are re-written  for the forces and moments at 

each link:

• Where {Ci} is a frame who has its origin at the link’s center of mass and has the 

same orientation as the link frame {i}.
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Sum of Forces and Moment on a Link 

• In addition to calculating the forces and torques arising from link accelerations, 

we also need to account for how they affect the neighboring links as well as the 

end effectors interactions with the environment.

• Balancing the forces shown in the above figure, we can find the total force and 

torque on each link.

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Sum of Forces and Moment on a Link 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Sum of Forces and Moment on a Link 
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Sum of Forces and Moment on a Link 
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Sum of Forces and Moment on a Link 

• Rearranging the force / torque equations so that they appear  as iterative 

relationship from higher number neighbor to lower number neighbor. The total 

force and torque on each link.

• Compare with the same equation for the static conditions
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Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Sum of Forces and Moment on a Link 

• The joint torque is simply the component of torque that projects onto the joint 

axis (Z axis by definition)
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Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Sum of Forces and Moment on a Link 

• For a robot moving in free space 

• If the robot is contacting the environment, the forces/ torques due to this contact 

may be included in the equations 
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Manipulator Dynamics – Newton Euler Equations 

Equation Formulation Procedure

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Iterative Newton Euler Equations 

Steps of the Algorithm

• (1) Outward Iterations 

– Starting With velocities and accelerations 

of the base 

– Calculate velocities accelerations, along 

with forces and torques (at the CM)  

• (2) Inward Iteration

– Starting with forces and torques (at the 

CM) 

– Calculate forces and torques at the joints 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA

)1(  ni

NFCM ,,,,,  

zgˆ,0,0,0 0

0

0

0

0

0

0

0   

NF ,

nf ,

)10(  ni

)1(  ni





















zgˆ

0

0

0

0

0

0

0

0

0

0

0




























N

F

CM

















N

F



Iterative Newton-Euler Equations - Solution Procedure

Phase 1: Outward Iteration 

• Calculate the link velocities and accelerations iteratively from the robot’s base to 

the end effector 

• Calculate the force and torques applied on the CM of each link using the Newton 

and Euler equations  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA

1

1

1

1

1

1 ˆ










  i

i

ii

ii

ii

i ZR  

1

1

11

1

1

11

1

1 ˆˆ














  i

i

ii

i

ii

ii

ii

ii

ii

i ZZRR  

))(( 11

1

1

1

i

i

i

i

i

i

i

i

i

i

i

ii

ii

i vPPRv   





 

1

1

1

1

1

1

1

1

1

1

1

1

1

1 )( 

























  i

i

iC

i

i

i

i

i

iC

i

i

i

iC

i vPPv  

1

1

11

1







 
iC

i

ii

i vmF 

1

1

1

1

1

1

1

1

1

1

1

1























  i

i

i

iC

i

i

i

i

i

iC

i

i IIN 

50:    :Iteration Outward i



Iterative Newton-Euler Equations - Solution Procedure

Phase 2: Inward Iteration 

• Use the forces and torques generated at the joints starting with forces and 

torques generating by interacting with the environment (that is, tools, work 

stations, parts etc.)  at the end effector al the way the robot’s base.  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA
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Iterative Newton-Euler Equations - Solution Procedure

• Error Checking - Check the units of each term in the resulting equations

• Gravity Effect - The effect of gravity can be included by setting                 .  This 

is the equivalent to saying that the base of the robot is accelerating upward at 1 

g.  The result of this accelerating is the same as accelerating all the links 

individually as gravity does.

gv 0

0 

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA



Manipulator Dynamics – Newton Euler Equations 

The Inertia Tensor (Moment of Inertia)  

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA
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Dynamics - Newton-Euler Equations

• To solve the Newton and Euler equations, we’ll need to develop mathematical 

terms for:

– The linear acceleration of the center of mass

– The angular acceleration

– The Inertia tensor (moment of inertia)  

- The sum of all the forces applied on the center of mass 

- The sum of all the moments applied on the center of mass 

 IIN cc  

cvmF 

cv



Ic

F

N

Instructor: Jacob Rosen 

Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA


