Spatcial Description & Transformation

Review
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Central Topic

Problem

Robotic manipulation, by definition, implies that
parts and tools will be moving around in space
by the manipulator mechanism. This naturally
leads to the need of representing positions and
orientations of the parts, tools, and the
mechanism it self.

Solution

Mathematical tools for representing position
and orientation of objects / frames in a 3D
space.
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,:‘@f}gl Coordinate System 1/2
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?;}:’; Description of a Position

-

The location of any point in can be described as a 3x1 position vector in a
reference coordinate system
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?;}:’; Description of an Orientation

The orientation of a body is described by attaching a coordinate system to the body
{B} and then defining the relationship between the body frame and the reference
frame {A} using the rotation matrix.

The rotation matrix describing frame {B} {B} (A}
relative to frame {A} R 2,

Reference Frame
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Description of an Frame

The information needed to completely specify where is the manipulator hand is a
position and an orientation.

The rotation matrix describing
frame {B} relative to frame {A} -< (B

{B} :{BA R’AF\)BORG }

—) 2,
Ap

The origin of frame {B}
relative to frame {A} l
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?;}:’;4 Mapping - Translated Frames

Assuming that frame {B} is only translated (not rotated) with respect frame {A}.
The position of the point can be expressed in frame {A} as follows.
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Mapping - Rotated Frames

Assuming that frame {B} is only rotated (not translated) with respect frame {A} (the
origins of the two frames are located at the same point) the position of the point in
frame {B} can be expressed in frame {A} using the rotation matrix as follows:

B B
op_g 4
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Mapping - Rotated Frames - Inversion

Given:

The rotation matrix from frame {B} with respect to frame {A} - E’:R §

Calculate: The rotation matrix from frame {A} with respect to frame {B} - ER
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Mapping - Rotated Frames - Inversion

“u

Given: The rotation matrix from frame {B} with respect to frame {A} - E’jR
Calculate: The rotation matrix from frame {A} with respect to frame {B} - ER

AP="R ©p SRYP=[RMIR PP =1P="P
ARIAP=/R/R °P SP=/R'*P

1 0 0] | °P=fR P
"RIAR=1=(0 1 0
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W, Mapping - Rotated Frames - Inversion

The rotation matrix from frame {B} with respect to frame {A} - E’;R
The rotation matrix from frame {A} with respect to frame {B} - ER
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W, Mapping - Rotated Frames - Inversion

The rotation matrix from frame {B} with respect to frame {A} - E’;R
The rotation matrix from frame {A} with respect to frame {B} - ER
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.;@f,\f.! Mapping - Rotated Frames - Example
Given : 0] [0O]
"P=|"p, |=|2
@
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L — I BP
6 =30° - {A}
?}3 ??A
26”
Compute: ®3 )
= }’ZB
30 o
> %,
Solution: AP QR °p
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Mapping - Rotated Frames - Example
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Mapping - Rotated Frames - Example

T ‘
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'\2\;;1 Mapping - Rotated Frames - Example

¢=3° f/’\g\

c6 —so O] 0] [0866 —0.500 0.000]0.000] [-1.000]
*P=fR ®P=|s@ cO Of°p,|=|0500 0.866 0.000|2.000|=| 1.732
0 0 1] 0| |0.000 0.000 1.000]0.000| | 0.000 |
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*;\5, Mapping - Rotated Frames - General Notation
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The rotation matrices with respect to the reference frame are defined as follows:

Z Z,
_ _ 4
1 O O — YR
Ry(»)=[0 cy —sy =
0 sy cy XBXA A
Z - ~
2y s cB 0 sp
S v, RM®=0 1 0
/ ' —-sp 0 cp| Zp 41 2
XAP ca —Sa 0] .
%3 R,()=|sa ca 0O _— 8
0 0 1 T
X‘ XB
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N, Mapping - Rotated Frames - Methods

« X-Y-Z Fixed Angles

The rotations perform about an axis of a fixed reference frame

« Z-Y-X Euler Angles

The rotations perform about an axis of a moving reference frame
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?;,\:’; Mapping - Rotated Frames - X-Y-Z Fixed Angles

-

Start with frame {B} coincident with a known reference frame {A}.

* Rotate frame {B} about )ZAby an angle Y

- Rotate frame {B} about Y:A by an angle f3 Fixed Angles

« Rotate frame {B} about Z R by an angle &

Note - Each of the three rotations takes place about an axis in the fixed reference

frame {A} {A J’
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@,“EL& Mapping - Rotated Frames - X-Y-Z Fixed Angles

sy

Compound Rotations Represented Globally

When successive rotations are described with respect to a single fixed
(global) frame, we may combine these rotations by pre-multiplication.

ca —-sa 0] cB 0O sp1 O O |
sRwz (7, 8,@) =R (@R, (B)R () =|sa ca 0| 0 1 0|0 cy —sy

v‘v 0 0 1]-sp 0 cg|0 sy cy |

(cacfB cosfsy —Sacy caspey +sosy |
sRuz (7, @) =| sacf  sasfly+cacy sosfy—casy
| —Sp cosy cxy
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?;,\:’; Mapping - Rotated Frames - X-Y-Z Fixed Angles

L, fg| KCacB) casfEy—sacy caspoy +sosy

BARXYZ (7, B.a)=|6, I, Lg|=(SacB )sasfSy+CcaCy Saspy—coasy
Iy T G| | — sy cosy _ 21807/

SF < L S chdé.z/)'f'f’;(‘-z()
B = Atan2(-r,)\/1, + 1) for -90°< B <90°
\_’___I\ 2 - 1

@ = Atan2(r, /¢ 1, /cB) __ f 5@@
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y = Atan2(r,,/cp 1 /cp) g N
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» Special Case S ==+90°
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a=0
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Lﬁ.,&_& Atan2 - Definition

“u

Four-quadrant inverse tangent (arctangent) in the range of

Atan2(y,x) =tan"(y/X)

For example
[-7 7]
Atan(+1,+1) = 45°

Atan2(+1,+1) = 45°

Atan(-1,-1) = 45°

Atan2(-1,-1) = -135°

v
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?;,\:’; Mapping - Rotated Frames - Z-Y-X Euler Angles

-

Start with frame {B} coincident with a known reference frame {A}.

* Rotate frame {B} about 7 Lbyanangle o

 Rotate frame {B} about YAB by an angle [ Euler Angles

.+ Rotate frame {B} about X Bby an angle 7

Note - Each rotation is preformed about an axis of the moving reference frame {B},
rather then a fixed reference frame {A}.
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:\:’L Mapping - Rotated Frames - X-Y-Z Euler Angles

Compound Rotations Represented Locally
We may combine successive rotations by post-multiplication if each rotation is about a
vector represented in the current rotated frame.

ﬂn ca -sa 0 cg 0 spf1 0 O
sRoy (@ B.7) =R (@R (B)Ry () =|sa ca 0| 0 1 0|0 cy —sy
® ® 3 |0 0 1]-sp 0 cB|0 sy cy
(cacf coasfsy—sacy casfey+sasy
2R, (at, B.y) =] sSacB sasPsy+cacy Ssasfcy—casy
| —Sp Cposy cpCy
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_-»Q“1\2{ Mapping - Rotated Frames

Fixed Angles Versus Euler Angles

R > R >
s Ruvz (71 B @)= Ry (at, B, 7)

Fixed Angles Euler Angles
XYZ ZY X

Three rotations taken about fixed axes (Fixed Angles - XYZ) yield
the same final orientation as the same three rotation taken in an
opposite order about the axes of the moving frame (Euler Angles
ZY'X)
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Equivalent Angle - Axis Representation
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?%h%‘¢ Equivalent Angle - Axis Representation
A
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Equivalent Angle - Axis Representation
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Operator - Rotating Vector

 Rotational Operator - Operates on a a vector AP and changes that vector to
a new vector BP1 , by means of a rotation R

"P,=R P,

* Note: The rotation matrix which rotates vectors through same the rotation R , is
the same as the rotation which describes a frame rotated by R relative to the
reference frame

‘P,=R’P, <> "P=/R °P

Operator Mapping

Instructor: Jacob Rosen
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Pl Operator - Rotating Vector - Example
Given "0 1 o0
AI:)1: Aply = 2
L 0 — _O_

Compute: The vector AP2 obtained by rotating this vector about 7 by 30 degrees
Solution:

co -so O 0 ] [0.866 —0.500 0.000]0.000] [-1.000]
*P,=R(30°) *R,=[s@ c# 0| "p, |=|0500 0.866 0.000 | 2.000|=| 1.732
0 0 1] 0 | [0000 0.000 1.000]0.000| | 0.000 |
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%h%; Mapping - General Frames

Assuming that frame {B} is both translated and rotated with respect frame {A}.

The position of the point expressed in frame {B} can be expressed in frame {A} as
follows.

{B} :{BA R’APBORG}
L
®P:}_§R 5p8p

(- S

AP_AT Bp

) I |
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| qu. Mapping - Homogeneous Transform

The homogeneous transform is a 4x4 matrix casting the rotation and translation of
a general transform into a single matrix. In other fields of study it can be used to
compute perspective and scaling operations. When the last raw is other then [0001]

or the rotation matrix is not orthonormal.

_________________________________________
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?@"}f Homogeneous Transform - Special Cases
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A
Translation /ST _ 0 10 PBORGy
| ’ \O 01 \APBORGZ
et
00 0
_r;I.l r12 r;l_s
I I r
Rotation ’QT _ ||zt ez Y23
i T T
0 0 0

Instructor: Jacob Rosen
Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA UCLA



PN Homogeneous Transform - Example (1/2)
Given —Bpx- 3]
®p = °p, |=|7
0 0]

Frame {B} is rotated relative to frame {A} about 7 by 30 degrees, and translated
10 units in X and 5 unitsin Y,

—_—— Ao
Calculate: The vector Ap expressed in frame {A}. BF 4 P - 5
— BeRo
4156 A A
+ g O |

A
Y,

—t
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1] 10 0 O 1|
0.866 —0.500 0.000 10.0[3.0
0.500 0.866 0.000 5.0 |7.0

 |0.000 0.000 1.000 0.0

o
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L - SL 9D
I - Sk <« o
S o 1
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1
0<.¢ 0
1 P
[ 0.098 | |
12.562
0.0
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?;,\:’; Transformation Arithmetic - Compound Transformations

Given: Vector °P

Frame {C} is known relative to frame {B} - ET

Frame {B} is known relative to frame {A} - E\T
Calculate: Vector Ap

°p_ST P
APAT 5P

o

Instructor: Jacob Rosen
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Transformation Arithmetic - Inverted Transformation

Given: Description of frame {B} relative to frame {A} - T (E/: R,APBORG)
Calculate: Description of frame {A} relative to frame {B} -
B
Homogeneous Transform T (R,°P,oeq )

o

AR=gR'

° PAORG :_AB RAPBORG :_Q R’ APBORG
B-I- . QRT _QRT APBORG
=

0 0 0 1|

Note: i‘r :/ST -1

Instructor: Jacob Rosen
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;}:,J Inverted Transformation - Example (1/2)
Given: Description of frame {B} relative to frame {A} - /QT (E/: R,APBORG)

Frame {B} is rotated relative to frame {A} about 7 by 30 degrees, and
translated 4 units in X, and 3 unitsin Y

Calculate: Homogeneous Transform E\T (ER,BPAORG)

Instructor: Jacob Rosen
Advanced Robotic - MAE 263D - Department of Mechanical & Aerospace Engineering - UCLA UCLA
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,/2@“}:‘&& Inverted Transformation - Example (2/2)

ol =

L—_—

A Ti<
B
&

- 0.866
| 6RT | 4R "Pyogs | _||—0.500
0.000

0 0 0 1 || 0O 0 o0 1
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Homogeneous Transform - Summary of Interpretation

« As ageneral tool to represent a frame we have introduced the homogeneous
transformation, a 4x4 matrix containing orientation and position information.

« Three interpretation of the homogeneous transformation

1 . Description of a frame - /ST describes the frame {B} relative to frame {A}

A A
B R I:)BO RG

ol =

0 0 0 1

2. Transform mapping - {T maps Bp_,Ap  Ap_T Bp

3. Transform operator - T operates on AP1 to create A|:)2 AP:/QT /ﬁp1
2

Instructor: Jacob Rosen
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B Transform Equati
q&) N ranstorm equations

Given: ST, oT, ST, &T

s — 1 v
Calculate: oT (4} ﬁT
— =
v A
T) T = Z’T’ T )
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D [ c
T Y

—_— Z
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8 . b {B]
§
T T %%
M |

N\

\V}
Ul
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BT T "T"TT‘T" ’
c ‘ =13 A T5) b
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h‘\:’; Transform Equations

L

Lo
(%

Given: LiT, ST, %T, E’)T

B
Calculate: T (4l

DT =AT ol

tct
%T:%TE:TET U
UATSI_Z%TETET (B)
T Tt LT T~

T T
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' a}.“l;% Transform Equations

Given: °T, o1, oT

(T)
Calculate: ;T

i

{G)
(S} \
(B _——
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