Class Notes 15:

Laplace Transform (4)
Systems Analysis

82 — Engineering Mathematics



System Analysis (Stability)

First Order System y'+ay=g(t)
Initial Condition: y(0)=0
Laplace sY (s) —y(0) +aY (s) = G(s)

Y(s)(s+a)=G(s)
Output Y(s) 1
Input  G(s) s+a




Second Order System (No Damping)

y' + oty =g(t)

|.C. y(0)=0;y'(0)=0
Laplace s%Y (s) — y’(ﬁ) - }eaﬁ @Y (s) = G(s)
Y (s)(s? + @)= G(s)
Y(s) 1

G(s) s*+a’

n

sinw.t
y(t)=——"
.




Second Order System (with Damping)

y'+2cm,y + @iy = g(t)
|.C. y(0)=0;y'(0)=0

Laplace S°Y (5) —SYA0) — WO+ 26, 5Y (5) — 2g07(0) + @Y (5) = G(s)
Y (s)(s2 +2¢m, + a)ﬁ)z G(s)
Y(s) 1
G(s) Cs%4 2c0, + @’

l N _ebt_eat
1 |s-ae-n Y boa
s° + 2w, + w? "
a0V



Matlab Simulink

- Matlab as’+bs+c—a b c]
« Simulink: commonly used block

continuous { L} o (L
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Corger | Tmedoman |

1 y+ay =u(t) sY(s)+aY(s)=U(s)
Y(s) 1
U(s) s+a
2 s2Y (s) + 2c.SY (S) + @Y (s) =U (s)
With damping ¢#0 No damping ¢=0
Y(s) _ 1 Y() _ 1
U(s) s°+2cm,5+a’ U(s) s’ +o;

Y+ 260,y + @ =u(t)
Case 1: (>1 Overdamping

S
Sl } = (—givf —1)% Real, negative, distinct
2

Case 2: ¢=1 Critical Damping

$ =8, =-, Real, negative, equal

Case 3: (<1 Underdamping

S, : 2 Complex conjugates
=\-¢x jy1- )
sz} (g REE )m“ (negative real part)
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System of Linear Differential Equation

Differential Laplace Algebraic
Equation Transform Equation




System of Linear Differential Equation

« Assumption {clzczzO

, , No dampingIC
X, (0) =x,(0) =x(0) =x,(0) =0

X, > X

+—>ZF ==Ky (X, =X) = C, (X, — %) = M, X,
+—>ZF = kz(xz —X1)+C2(X2 _Xl)_klxl_clxl+ F=mX
setc,=c, =0

m X, + (k1 + kZ)Xl - kzxz = Fl(t)
m,X, —K,X, +Kk,x, =0



System of Linear Differential Equation

J mx =—(K, +K,)x +k, X, + F,
| MX; =+ K, X, —K,X,
k, +K k F
xl":—( 1+K,) X, +—=X, +—+
X; =+ —2 X, ——2X,
L m2 m2
(!
X =X3
X, = X,
Four first order
i . Iy (k1+k2) kz 1
linear Diff. Eq. =" — XK+ —=X+—
ml ml ml
k k
X, =+ —2 X, ——2X,
m2 m2



System of Linear Differential Equation

X'=P(t)x+g(t)

. 0 0 1 0 .
. k0 K I? 0l ; 8
X + X
3 f>: e =2 0 O dE /8
X, m, m, X, %1
(X ) kK 5 oollx |0
l, - m2 m2 - X g(t)

P(1)

Homogeneows ¢g(t)=0
Nonhomogereous g(t) #0



System of Linear Differential Equation

Laplace m,s2X,(s) + (k, +k,) X, (s) =k, X, (s) = F,(s)
m,s*X,(s) —k,X,(s)+k,X,(s)=0

k,+k, +ms® -k, x| [FR()
—k, k, +m,s® || X, 0

F.(m,s® +k,)
(m,s? +k, +k,)(m,s? +k,)— k2
+k,F
(m,s® +k, +k,)(m,s® +k,)—kZ

Xl(s) -

Xz(s):




System of Linear Differential Equation

F
XST:k_l(k1k2):F1k2 NUM

(kk,) = (wZm,)(w2m,)

ool L T (e o [om



System of Linear Differential Equation

s=jw, s°=(jw)’ =-w

extract from Num

k, —w*m,)F ——

‘Xl‘: ( 22 ) l2 2 « kK,
(k1+k2_W m1)(k2_W mz)_kz k k

102

kZFl divide by

B (kl T kz _Wzml)(kz —W2m2) - kz2

Wn: ﬁ, Wa: ﬁ’ Xst:i, ﬂ:
\/ m, \/ m, K,

A T
T G-I

3|3

[y



System of Linear Differential Equation

2
W, 7, Ky 2
L kk, =—2 2Lk =k
vanj o, K

2 2
1—{‘”) ]k Kk, (W }(Z:kzwzmz
W, > Den

2
Wa W /mz Z/ml 1
1+ — k, =| k, +—=—=2—=K —w" —=Kk;
ﬂ(wnj Wn] 1 { Ay, K, /kl 1}

=k, +k, — W’




System of Linear Differential Equation

From Eq for |X,|=

when w=w, — x =0 The amplitude of the main
mass reduces to zero

Hence the absorber can indeed perform the task for which it is designed,
namely to eliminate the vibration of the main mass, provided the natural
frequency of the absorber is the same as the frequency of the external
exitation.

From Eq for X, WwW=Ww,
2
‘Xz‘: XST :_XST (an

A G A




System of Linear Differential Equation

1 1

w2 w?
Xst o Wy W
=~

‘XZ‘:_E%%% :_i
Kk, K,

F =X, /k, max force generated by the absorber

For u= 0.2(= &]
ml



System of Linear Differential Equation

N L
= A T T

2 2 2 2 2 2 2 2
A W W w, | [ w W[ w 4
A W, W, w. )\ w, w. )\ w, W,

. wo W aW2+ " 0
T T T HTS 2.2 _ 2
Woows T W WoW W:\/ bx+b"-4c
WWS —W2WE —WAW; — g Wi +wh 0 2
wW2rw? - 2 w2 2+\/( 1 ¥ —awiw?
n Wa LW AWy — g (W, (L ) =W )T = Awwg
2
W+ WP =W — W2 — W [+ WeWE =0
- E ~ N ——
C




System of Linear Differential Equation

MoTeR
o—F—7
Xa 7
B T g (‘ , N
- 4 1A E =N, = /"” ¥“\ _lg
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u® . i 5
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Do v\o{j
Xlﬁ; i | T
T SHARASRISRER prepyan i1
SENS0R
Y(s) K(s)G(s)

U(s) 1+K(S)G(s)H(s)



