Class Notes 10:

Power Series (2/3)
Series Solution Near and Ordinary Point

182A — Engineering Mathematics



Series Solution —
Ordinary Point and Singular Point — Introduction

d®y
dx®

P(x) +Q(x)%+ R(x)y=0

Assume P, Q, R are polynomials with no common factors, and that we want to solve
the equation in a neighborhood of a point of interest x,

If there is a common factor we divided it out before proceeding



Series Solution —
Ordinary Point — Definition

2

« Ordinary Point (Definition) - The point x, is called an ordinary point if P(x,) # O.

« Since P is continuous, P(x) = O for all x in some interval about x,. For x in this
interval, divide the differential equation by P to get

2

d°y
dx®

where p(x) —% g(x) = EEX;

« Since P(Xy) is continues, there is an interval about x,in which P(x,) is never zero
« Solve the equation in some neighborhood of a point of interest x,

« Since p and g are continuous, Theorem 3.2.1 indicates that there is a unique
solution, given initial conditions y(X,) = Yo, Y'(X0) = Yo



Ordinary Point — Examples

y'+y=0
y'+3y'+2y=0
y"+e*y" +(sin(x))y =0

Every pointin [ —oo o7 is an ordinary point



Series Solution —
Singular Point — Definition
d®y
dx*

P(x) +Q(x)%+ R(x)y=0

2

d°y
dx?

where p() =35, 40)=1

d
¥ p(x)d—im(x)y -0,

« Singular Point (Definition) - The point X, is called an singular point if P(xy) = O.
« Since P, Q, R are polynomials with no common factors, it follows that Q(x,) = 0 or
R(X,) = 0, or both.

« Then at least one of p or g becomes unbounded as x — X,, and therefore Theorem
3.2.1 does not apply in this situation.

« Sections 5.4 through 5.8 deal with finding solutions in the neighborhood of a
singular point,



Singular Point — Example 1

'+ x y+In(x)y=0
= [ S—
Q(x) R(X)
P(X) P(x)

= X — analytic at every realnumber

ol uwl|o

= In(x) — analytic at every positive realnumber

discontinuesatx =0

R .
b= In(x) — can't be represente d by a power series in x

at x, =0 > x=01s a singular point of the diff. eq



Singular Point — Example 1

R .
b= In(x) — can't be represente d by a power series in x

at x,=0 - x=01s a singular point of the diff. eq

¥ = In(x)
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Singular Point — Example 2

Xy"+y'+xy=0
y”‘l‘iy’_"yzo
X
Q) _1 Fail to be analytic at x=0
P(x) X

Xx=01Is a singular point of the equation



Singular Point — Example 3

(X =1 y"+2xy’'+6y=0

YENREAS
Y x2—1y x2—1y

x*—1=0 — x ==1 singular point ;all the rest are ordinary points




Series Solution — Ordinary Point

* In order to solve our equation near an ordinary point X,

d®y
dx®

P(x) +Q(x)%+ R(x)y=0

we will assume a series representation of the unknown solution function y:
o0
_ n
y(X) =D a,(x= X))
n=0

 Aslong as we are within the interval of convergence, this representation of y is
continuous and has derivatives of all orders.



Theorem 5.3.1
Existence of Power Series Solution

« If X, is an ordinary point of the differential equation
d’y
dx®

P(x) +Q(x)%+ R(x)y=0

« Then the general solution for this equation is

Y00 = 3 3, (x %) =2, (0 + Y, ()

where a, and a, are arbitrary, and y,, y, are linearly independent series solutions
that are analytic at x.

« The solutions y,, y, form a fundamental set of solutions
« The power series solution converges at least on some interval defined by

X=X| < p

« Theradius of convergence for each of the series solutions y, and y, is at
least as large as the minimum of the radii of convergence of the series for p
and q.



Minimum of the radii of convergence — Example

Find pmin
For (X* =2X+5)y"+xy'—y=0
y!! + X y! . 1 y _
(X*=2x+5) " (x*—=2X+D5)
_ _ X, =0 ) X, _
about an ordinary points X°=2X+5=0 > =1+2i
X, =—1 X,
Xy = : : :
 Because . -1 are two ordinary points of the diff. eq. the theorem
=

guarantees that we can find two power series centered around the two X,

Y0 = 2 2, (x= %)



Minimum of the radii of convergence — Example

The radius of convergence

7z E A+ .2, v
T ¥
_______ L - ;
) = Y
N 4=z
' - Yo
ké? —d S _'|.'j_- e —
| EpE ) g, - Lo
v Js! S
y(X) :Zanx” y(x)ZZan(X+1)n
n=0 n=0

« Each power series for each will converge around X, at least with a
minimal radius of p



Power Solution Around X,=0 and X, =0

« For the sake of simplicity, find only power series solution about the
ordinary point X, =0

y(x) =2 a,x"
n=0
« If X, #0 Iis also an ordinary point substitute the solution for X — x—X,

Y00 = 2 8, (x= %)



Series Solution —
Ordinary Point — Example 1

V'+y=0 —oco<X<®
P(x) =1 Q(x) =0 R(X) =1
— Every point is an ordinary point
Look for a solution in the form of a power series about X, =0

n

y=a,+aXx+ax +---+ax"+ = a,x
n=0
y'= a +2a,X+---+nax"+ = na,x""
n=1
y" = 2a, +n(n-1)a,x"*+---=> n(n-1)a,x"

I
N

n

substituting is the diff. eq. >
J : > n(n-1)a,x>2 +Zax. 0
=2 =

y" y




Series Solution —
Ordinary Point — Example 1

n
D n(n-1)a,x"? Y > (N +2)(n" +2 —1)an*+2x”*+2‘2
n =0

'
n
y

> (n+2)(n+Da,,,x"+> ax"=0
n n=0

- J/ .
' Vo

y n

i[(n +2)(n+1a_,,+a X" =0

for this equation to be satisfactory for all x the coefficient of each power
of X must be zero

(n+2)(n+la, . ,+a, =0 n=0,123---

n+2



Series Solution —
Ordinary Point — Example 1

(n+2)(n+Da, ,+a, =0 n=0,1,2,3---

n+2

2-1-a,+a,=0 ,=—a,/(2-1)
3 :_ai/(3°2)
4 :_az/(4'3)
5 :_a3/(5’4)
6:_a4/(6’5)
7 :_a5/(7'6)

3-2-a;,+a, =0

4.3-a,+a,=0
5-4-a.+a,=0

6-5-a,+a,=0

> 5 35 S S O
I

o A WO N PO

VIl I

D Y DD D QD D

7-6-a,+a,=0



Series Solution —
Ordinary Point — Example 1

P 1)

a
%=
Sven - a“:_461—-23:+4-3a-02-1
a, a,
a6:——:—
\ 6.5 654321
Odd - a5:—i:+ !
5.4  5.4.3.2.1
o % &
- _
7.6 7-6.5-4.3-2.1]

n =2k

=D
(2k)! o
k=1,2,34,-

n a2k

n=2k+1

a

— Y2k+1 T

(2k +1)!
k=1,2,34,



Series Solution —
Ordinary Point — Example 1

y =a, +a1x—a—x AV IVC I A

7 R R TRA
4 (_1)na0 X2n n (_1) a1 X2n+1

(2n)! (2n+1)!

even odd

2 4 n

:a’O _X__|_X__|_..._|_( 1) X2n_|__”

21 4 (2n)!

3 5 _1\n
+a, X_X__|_X__|_..._|_ ( 1) X2n+1+.“

3 5 (2n+1)!

— N ( 1 2n+1
=22, (2n)' alz(2n +1)|X

J/

COS X smx



Series Solution —
Ordinary Point — Example 1

y'+y=0

y = a, Cos(X) + a, sin(x)
y' =—a, sin(X) +a, cos(x)

y(0)=a,1+8,0=0
y'(0)=-a,0+a,1=1

y(0)=a,1+8,0=1
y'(0)=-a,0+a,1=0

y =sinx

y = COSX



Series Solution —
Ordinary Point — Example 1

y2_ n=4 n=8 n=12 n=16 n=20

1\| Iy ||, ,| | s COS(X):i(_l)n in

\/ GRS w0 (2n)!
-1 N | \yﬁx
o , :

=2 n-6 n=1I0 p=14 n-18

Y n=5 n=9 n=13 n=17 n=21
oL
Il |= ] 0 _1n
/AN sin(x) = YA
Ay AURE ~ (2n+1)!
L= y=sinx
cols

n=8 =7 eIl gp=ls o= ke



Series Solution —
Ordinary Point — Example 2 — Airy’s Equation

y"'—xy=0
P(x) =1, Q(x) =0 R(x) =—x

y=> ax"

Assume a solution < =9
y"=> (n+2)(n+1)a,,,X"(see previous example )
n=0

substituting the series in the diff eq. y" =Xy

i(n + 2)(” +1)an+2: Xi aan = ian
n=0 ‘o -

> O
I
_I_

Il
Sl S
|



Series Solution —
Ordinary Point — Example 2 — Airy’s Equation

> (n+2)(n+Da,,,x" => a; X"
start the sum from n=1

2-1-a,+ Y (n+2)(n+Da,,,x" =) a, X"
n=1

v n=1
n=0

For the equation to be satisfied for all x is some interval, the coefficients
of the same powers of x must be equal

X' 2.1.a,x°=0x" > a,=0
n=1 x":  (n+2)(n+Da,,=2a,,
a,., Is given in terms of a_



Series Solution —
Ordinary Point — Example 2 — Airy’s Equation

X' 2.1.a,x°=0x" > a,=0
n>1 x": (n+2)(n+la,.,=4a,
a,,, Isgiven interms of a,
an—1
an+2 =
(n+2)(n+1)
— steps of 3

n=14,710 a, > a, > a,

n=25811 |[(& —~>a, >3,
n=36912 a,—>a—>a — a=a =9 =a,=--=0

T
0




Series Solution —
Ordinary Point — Example 2 — Airy’s Equation

For a,, a;, a;, a8, n=14,710

a0. a3 aO . a'6 a0
:—’a: — : — —
%= 3 % 56 2356 ° 809 23580
The general formula
aO

n>4

a =
" 2.3.5.6-8-9---(3n-1)-(3n)



Series Solution —
Ordinary Point — Example 2 — Airy’s Equation

For a, a,,a,,a, Nn=25811

A & a; %

d, |
— " a a . = —
O 9.10 3. |.6.; .9.10

a, = : — = ’
34" 77 6.7 3:.4.6-7

The general formula

n24 a3n+1: ai
3.4.6-7-9-10-3n-(3n+1)




Series Solution —
Ordinary Point — Example 2 — Airy’s Equation

The General solution

B X3 X6 X3n
y=a, 1+ + 4o+
i 2-3 2-3-5-6 2-3-5-6-8-9-(3n-1)-(3n)
X4 X7 X3n+1
Ha| X+ + +--+
] 3-4 3-4-6-7 3-4-6-7-9-10-(3n)-(3n+1)_
Notes

- Both series converge for all x
- The general solutionis Y =3,Y;(X)+a,Y,(X) —oo<X<oo



Series Solution —

Ordinary Point — Example 2 — Airy’s Equation

X3n
2~3-5-6-8—9-(3n—1)-(3n)}

3n+l

y=4a 1+X_3+ X 4ot
°7 2.3 2.3.5.6
x* X’ X
+a| X+—+ ot
3.4 3.4-6-7 3-4.6-7-9-10-(3n)-(3n+1)

Y
21

|

Figure 5.2.3

I rights reserved.

oscillatory for x <0

Decay in Amp; Increase in Freq

monotone for x>0

y=a,¥,(X)+ay,(X) —co<x<o
V
n=4
n=46| |[34] |22 10 ol
4k
yyg(x) I
STVAY /\ /\
AVIRY -
n+49( (37 [ 25/ |13
43| |31 19 7 2+



Example — Airy’s Equation

X=0)=
For a given I.C. {y’( ) yo,
y'(x=0)= Yo
X3 X6 X3n
1+ + 4o+
2.3 2.3.5.6 235689(&PD(%J
X4 X7 X3n+1
X+ ——+ +oeet
3.4 3.4.6-7 3467910@®(%+D}

{y(xzo):ao:yo
y'(x=0)=a, =Yy,

see also example 3, p 202 — Airy’s Equation for Xo=1
(ordinary point)




Series Solution —
Ordinary Point — Example 3

(x> +1)y"+xy'—y=0

y” +
x%+1

y_x2+1

1 y=0

X°+1=0 — X=+i

For x,=0

—

i
Il
| —

converge at least |x| <1




Series Solution —
Ordinary Point — Example 3

(X*+D)y"+xy'—y=0
1

y” +
X% +1

x2+1y’_ y=0

X°+1=0 — X=+i

converge at least |x| <1

For x,=0



Series Solution —
Ordinary Point — Example 3

(x> +1)y"+xy'—y=0 For x,=0

)/ =

o
||[§/j8
o

a,x" ; y'=>nax"™ ; y'=>nn-lax"’
n=1 n=2

0

(x2 +1)Z n(n—1c,x" 4+ x> nc,x""=> ¢ x"
n=1 n=0

n=2

v

y" y' y




Series Solution —
Ordinary Point — Example 3

(x2 +1)Z n(n—Dc, x" 2k x> nc,x""=> ¢ x"
n=2 n=1 n=0

J AN
" V"

y' y

- i n(n —1)cn9 i n(n —1)cn>@+ > ncn@ icn@

n=2 T n=1 T n=0 T
| |
k=n k=n-2 k=n k=n
n=k+2
=D k(k=De x* + > (k+2)(k +D)c,, . x> ke x“ =D x"
n=2 k=2 k=1 k=0

Startat k=2

= Z k(k —1)Cka - (2)(1)C2XO + (3)(2)C3X1 + Z (k +2)(k +1)Cka +1- C1X1 + Z kaXk
k=2 TN Ty k=2 T k=2

-CoX” —C X' =) g x* =0
k=2



Series Solution —
Ordinary Point — Example 3

= Z k(k —1)Cka + (2)(1)CZXO + (3)(2)C3X1 + Z (k +2)(k +1)Cka +1- C1X1 + Z kaXk
k=2 T T g k=2 o k=2

-CoX"—CX =Y ¢ X =0
k=2

(2c, —¢,) +(6C,)x+ Y [k(k —1)c, + (k +2)(K +1)C,., + ke, —¢, X =0
k=2

(2c, —c,) + (6c,)x + i [(k+D)(k =D, + (k+2)(k +1)c,,, ]x* =0



Series Solution —
Ordinary Point — Example 3

(2c, —cy) +(6¢,)x+ D | (k+1)(k —1)c, + (k +2)(k +1)c,,, [x =0
— = 2| v ’

=0 =0 =0

For the equation to be satisfied for all x is some interval, the coefficients
of the same powers of x must be equal

1
X° > (2c,-¢, =0 PR
x' > 46c, =0 C3 =0
& k+1)(k-1)c, + (k+2)(k +1)c,., =0 -
> |k+Dk-De, +(k+2(k+D, . =g k=234



Series Solution —

Ordinary Point — Example 3

1-k
C..=—"¢ k=234
k+2 k+2 k
c——ic-=~£—c—— 1 C
o4 240 2227
2
C5:—gc3:
c o 3. ___ 38 __13,
6" 246° 22.3°
4
@:—;%:O
c o 2c___3%5 . _ 135,
° 8° 24.68° 247
6
%=—§q:o
7 3.5.7 1.3.5.7

=——Cy = C, = C
10°% 2.4.6-8.10 °  2°.5




Series Solution —
Ordinary Point — Example 3

y=cO+c1x+c2x2+c3x3+c X* 4+ X+

=, TSGR S 130 I35 +C, X
2% 2'4) 2% -
= oYy + G,
( 2n-3) ~1<x<1
_1 1n1 ( 2n
% +2x +Z( ) 2”n' ‘ X <1

Y. =X




Series Solution —
Ordinary Point — Example 4 (Three Recurrence Relation)

y"_(1+x)y:() For X0=0




Series Solution —
Ordinary Point — Example 4 (Three Recurrence Relation)

0

in(n—l)cnxT chx”+1 i XT

n=2 n=0 n=0
k=n-2 k—n+1 =
N=Kk+2 n=k-1
n:2— oo n:0— oo
k:0 > k:1>

S (k+2)(K +1)c, X" chl ~3 e X =0

k=0

Startat k=2
(DM +(3)(2)csx +Z(k+2)(n e, x¢
K20 kel k=2
—C X' — 3 c, .x"

cox +C,X —chx =0
o ka k=2



Series Solution —
Ordinary Point — Example 4 (Three Recurrence Relation)

(—co +2¢, )+ (6, —¢, — ¢ Jx + i[(k +2)(k +1)c, ,x* —¢, - ck}<k =0
. — -

-V

=0 =0 = =0

~ —C,+2¢,=0 C, =—C,
2
1
— 6c,—¢,—¢,=0 c3=€(co+cl)
_ (k+2)(k+Yc,,,—c,,—-c =0

k=23 ... C,., = Ce +Cy
(k+21)(k +2)



Series Solution —
Ordinary Point — Example 4 (Three Recurrence Relation)

k=2 c:4=CZ+C1
3-4

k=3 c5=C~°’+C2
4.5

k=4 cG=C4+C3



Series Solution —
Ordinary Point — Example 4 (Three Recurrence Relation)

1 1

CZZECO c,=—¢C, =0

_G+6 _ G c .GtG _G

° 2.3 6 ° 2.3 6
_C+C G G c . eta_& &
Y 3.4 2.3.4 24 3.4 3.4 12
o _CtC _ G F 1}:0_0 GG _ & _ ¢
° 4.5 4.5/6 2| 30 5745 4.5.6 120

Yy=0CY, +CY, ‘ y:ZCan
n=0
Coyl:C0{1+%X2+%X3+ix4+%X5+---:|

cY,=C Xt 2 X xS
2T et 127 120



Series Solution —
Ordinary Point — Example 5 (Non-polynomial Coefficients)

y"+(cosx)y =0 _ _
x,=0 = Ordinary Point

S
8
<]
<
<

" roo n-2 | X2 X4 X6
y"+(cosx)y = nZ:;‘n(n—l)cnx +|1- TR

Doex"

/n=0

2 4 )
X2 X
26, + 60X +126,X% +20C,0% + -+ | 1=+ 2~ Gy + C X+ C,X2 +C,X° +--)
21 4l |

/

=(c, +2c, )+ (6c, +C1)X+(12C4 +C, —%cosz +(20c5 +C, —%cljxg’ +-=0

c,+2¢,=0
6c,+c, =0

12c, +c, —%co =0

20c, +c3—%cl =0

v



Series Solution —

Ordinary Point — Example 5 (Non-polynomial Coefficients)
( 1

— |G =--C

1 1
n=0,24=6,8 C.V.=C|1-Zx?4+—x*—...
oY1 o( 5 12 j

1 1
n=135,7 CY, =Cf X=X +=x"—---
1y2 1( 6 30 ]
Y=0CY: +CY,
Because the differential equation has no finite singular points, both
power series converge for [ <o —wo<x<ow



Series Solution —
Ordinary Point — Example 6 (Legendre’s Equation)



Series Solution —
Ordinary Point — Example 6 (Legendre’s Equation)

(1—x2)y”—2xy’+ n(n+1)y=0

d dy | -~ ~
—1=x*) 2 |+n(n+Dy=0
dx{( )dx} ( )Y

1-x*=0=>x*=1=x=+1

X, =0 Regular point



Series Solution —

Ordinary Point — Example 6 (Legendre’s Equation)
y' —xy"=2xy'+n(n+1)y

0

=> n(n-1)c,x"?-x*> n(n-1)c,x"*=2x>_nc,x" +A( +1)> c X"
n=2 n=2 n=1 n=0

X ay Dy n(n11)y
=Y n(n-1c,x"*=> n(n-c x"-2> nc x"+A(+1)> c x"
9:2 p:2 n=1 ) n=0 )
k=n-2 k=n k=n k=n
n=k+2
= S (k+2)(k+Dc, X =S k(K -Dex =2 ke xk +A(FE+1) Y X"
0 =2 = 0
Start with2 Start with2 Start with2

o

e el ——
k=0 k=1 k=1

=2¢, +3-2¢,x—2¢c,x+n(n +1)|:c
—

+ clx}
——
k=0 k=1

+> | (k+2)(k+1)c,,, +(— k(k—-1)—2k+n(n +1))ckxk e

)
k=2

—k2?—k—2k+0i (A +1)
=A% +i-k?—k
=A2+Ak+i—nk—k2—k
=(A—K)(f+k+1)




Series Solution —
Ordinary Point — Example 6 (Legendre’s Equation)

=[2¢, + A(A +1)c, |+ | 6c,—2¢, + A ([ +1)c, |x

(A%+0-2)c,
=(A-1)(A+2)c,

3 [k +2)(k+1)c, , + (7 —K)F +k+D)e, )X =0

For the equation to be satisfied for all x is some interval, the coefficients
of the same powers of x must be equal

2c,+n(n+1)c, =0
6c, + (N —-1)(n+2)c, =0
(k+2)(k +1)c,,, +(A —k)A +k+1)c, =0



Series Solution —

Ordinary Point — Example 6 (Legendre’s Equation)

2c,+n(n+1)c, =0
6c, + (N —-1)(n+2)c, =0
(k+2)(k +1)c,,, +(A —k)A +k+1)c =0

n(n+1)
2
=21

_(ﬁ—i)(ﬁ+2)c

k=2,34,5,...

(A —2)a(A +1)7 +3) 3

(7 -3 1) + 2)( +4)

A °

1

ol

6 1
3
(A —k)[+k+1)
Chio =~ k
(k+2)(k+1)
o c4=—(n_2)(n+3)c2——
4.3
N c5=—(n_3)(n+4)c3=—
5.4
N 6:_(n—4)(n+5)c4_
6-5
N C7:_(n—5)(n+6)c5:

__(A-a)fd—2)a( +1fA +3)[ +5)

0

6!

(-5 -3) 1) + 27 + 4T +6)

7-6

7

1



Series Solution —
Ordinary Point — Example 6 (Legendre’s Equation)

Y1 (X) =¢Co| 1

Y, (X) =G| X

X' — X +
2! 41 6!

ﬁ(ﬁ+1)x2+(ﬁ—2)ﬁ(ﬁ+1)(ﬁ+3) . (A-4) A -2 +1)A+3)A+5) ¢ }

 [-)([+2) X3+(ﬁ—3)(ﬁ—1)(ﬁ+2)(ﬁ+4)x5_(ﬁ—5)(ﬁ—3)(ﬁ—1)(ﬁ+2)(ﬁ+4)(ﬁ+6)x7+“}

3l 5! i

« Note for n as even integer,
— y, terminates with x",
— Y, becomes infinite series

* Note for n as odd integer (vice versa)
— Yy, becomes infinite series
— Y, terminates with x",

 Forexample n=4

- 4.5 , 2:4:57 ,] 2 35 4
yl(X)_CO|:1_?X + m X }_co{l—mx +?x
.8

1.3-6-8 . -1.1.3-6-8-10 , }
X _ X +...

B 36,
yz(x)_c{x—?x+ 2 -



Series Solution —
Ordinary Point — Example 6 (Legendre’s Equation)

ﬁ(ﬁ+1)x2+(ﬁ—2)ﬁ(ﬁ+1)(ﬁ+3) . (A-4) A -2 +1)A+3)A+5) ¢ }

%09 =Gollmy 4 T 6! o

v, () =c,| x— (A —1)3(!n +2) s, (A -3)n —1)é!n +2)A +4)X5 (A5 -3)7 —1)7(!n +2)A +4)n +6)X7 +}

« Note For n >0 (positive), one of the two solutions will be n-th degree
polynomial solution to the Legendre’s equation



Series Solution —
Ordinary Point — Example 6 (Legendre’s Equation)

Because a constant multiple of a solution of the Legendre’s equation is also a
solution

Then it is traditional to choose specific values for c,, ¢, depending on whether n is an
even or odd positive integer respectively

« For n=0-¢,=1

1=246 6, =(2f 230D
« For n=1-¢c =0

_ (i) 1.3....Nn

=3,5,7 =(-1

N=3a2l=6 ( )2 2.4....(ﬁ_1)

« Forexample f-24

y:(X) = (—1)L21 ;'—?A’[l—lox2 = ? x“} = % [35x4 —30x° + 3]



Series Solution —
Ordinary Point — Example 6 (Legendre’s Equation)

* These specific n-th degree polynomial solutions are called Legendre
polynomials and are denoted by P, (x)

* Note that for

: _ Legendre Polynomial
Legendre’s Equation (Particular Solution)

0 (1—x2)y"—2xy’:0 P, (x)=1
1 (1—x2)y"—2xy’+2y:0 P,(X) = X
2 (1—x2)y"—2xy’+6y=0 P, (X) =%(3x2 —1)

3 (1—x2)y"—2xy'+12y:0 P,(x) =%(5x3—3x)



Series Solution —
Ordinary Point — Example 6 (Legendre’s Equation)

[—

O D 00 =] T U e LD D = O =2

P,(z)
1

T

1(32? — 1)
(523 — 3x)

+(352* — 3027 + 3)

£(632° — 702% 4 15x)

1 (23128 — 3152 + 1052% — 5)

35(42927 — 6932° + 3152 — 35)

125[6435:{: — 120122°% 4 6930x* — 126022 4 35)
(121552 — 2574027 + 18018z° — 46202° 4 315z)

(461892 — 109395z° + 900902 — 30030x" 4 34652* — 63)




Series Solution —
Ordinarv Point — Example 6 (Leaendre’s Eauation)

legendre polynomials

ey
/
0.5 — /

0.5 / Po(x) B
pd )
/ Pa(x)

Pa(x)
-1 | | | Ps {K]I T




Legendre Polynomials
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