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High Order Differential Equations —
Introduction
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High Order Differential Equations —
General Theory

An nth order ODE has the general form
dny dn—ly

P (t
n() dtn dtn—l

We assume that P,,..., P,, and G are continuous real-valued
functions on some interval | = (¢, £), and that P, is nowhere
zeroon /.

Dividing by P_, the ODE becomes

d n y d n—ly
Llv]=
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For an nth order ODE, there are typically n initial conditions:
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Theorem 4.1.1

* Consider the nth order initial value problem

d"y d"ty
dt" dtn—l
V(t,)= Yy, Vit )=Y0, . YO (t,) = Yoo

+ pn—l(t) Tt pl(t)%—l_ po(t)y: g(t)

* If the functions p,,..., p,, and g are continuous on an open
interval |,

* then there exists exactly one solution y = ¢(t) that satisfies
the initial value problem. This solution exists throughout
the interval /.



High Order Differential Equations —
Homogeneous Equation

As with 2" order case, we begin with homogeneous ODE:

dny l
d pn—l() d n-1

Ify,,..., ¥, are solns to ODE, then so is linear combination

y(t) — C1y1(t) +G Y, (t) +---+CY, (t)
Every solution can be expressed in this form, with
coefficients determined by initial conditions, if we can solve:

C1Y1(to)+"'+cnyn (to) =Y
Cly{(t0)+"'+cny;1 (to) — yc’)

L[y]= - pl(t)‘;—{+ 0, ()Y =0

CYr D (t) + e+ Gy P (t) =Yg



High Order Differential Equations —
Homogeneous Equation & Wronskian

* The system of equations on the previous slide has a unique
solution if its determinant, or Wronskian, is nonzero at t;:

Y1 (to ) Y, (to ) T Yi (to )

WY, Y0 Yo N )= yl’(:to) y;fto) y,ﬁfto) L0

Y1(n_1) (to) yén_l) (to) yr(1n_l) (to)

* Since t, can be any point in the interval /, the Wronskian
determinant needs to be nonzero at every pointin /.

* As before, it turns out that the Wronskian is either zero for
every pointin /, or it is never zero on /.



Theorem 4.1.3

If {y,,..., ¥,,} is a fundamental set of solutions of

L(y) =y + p,)y" ™ +--+ p,, )y + p,(t)y =0

on an interval |,

then {y,,..., y,} are linearly independent on that interval.

if iyl,..., y, are linearly independent solutions to the above
differential equation,

then they form a fundamental set of solutions on the interval |



High Order Differential Equations —
Nonhomogeneous Equation

Consider the nonhomogeneous equation:
dny dn—ly

Lly|= t
Y=+ P05

If Y,, Y, are solutions to nonhomogeneous equation, then Y, -
Y, is a solution to the homogeneous equation:

L[Yl _Yz]: L[Yl]_ L[Yz]: g(t)—g(t)=0
Then there exist coefficients c,,..., ¢, such that

Yl(t) _Yz (t) — C1Y1(t) +GCY, (t) +--+C Y, (t)
Thus the general solution to the nonhomogeneous ODE is

y(t) — Clyl(t) +GCY, (t) +---+CY, (t) +Y(t)
where Y is any particular solution to nonhomogeneous ODE.

ey pl(t)%wL P, ()Y =9(t)



High Order Differential Equations —
Homogeneous Equation with Constant Coefficients

* Consider the nth order linear homogeneous differential
equation with constant, real coefficients:

Lly]=a,y™ +a, ,y"™ +---+a,y'+a,y =0
* As with second order linear equations with constant
coefficients, y = e is a solution for values of r that make
characteristic polynomial Z(r) zero:

L[e”]: e”[anr” +a, "+ ar +aOJ: 0

~
characteristicpolynomialZ (r)

* By the fundamental theorem of algebra, a polynomial of
degree n hasnrootsr,, r,, ..., r,, and hence

Z(r) :an(r_rl)(r_rz)'”(r_rn)



High Order Differential Equations —
Homogeneous Equation with Constant Coefficients
Cases

Lly]=a,y™ +a,,y" "+ +ay +a,y =0
* a,4a,,..., 8, — Real constants a #0
y — ert
L[e”]: e”(anrn +a . r"t +---+a1r+a0)
« Characteristic Polynomial
Z(ry=ar"+a " +---+ar+a,

« Characteristic Equation
Z(r)=0



High Order Differential Equations —
Homogeneous Equation with Constant Coefficients
Cases

« Z(r) — {Polynomial of degree n}
nzeros, r1,r2,...,m
Some of which may be equal

Z(r)=a,(r-n)r-r)-(r-r)

(1) Real and unequal roots
(2) Complex roots
(3) Repeated roots



Case 1. Real & Unequal Roots

 Real and no two are equal === n distinct solutions

« Complimentary Solution (Homogeneous)

nt It r.t
y=Ce*+Ce? +---+C e



Case 1: Real & Unequal Roots — Example

y(4) + ym_7yﬂ_ yr+6y _ O

(y(0)=1
J y'(0)=0
y"(0) =-2
Ly"(0)=-1

Assume
y — ert

r*+r°—7r*°—r+6=0



Case 1: Real & Unequal Roots — Example
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- The solution [y= Ce'+C,e ' +Ce? +Ce™
y'=Ce'-C,e"+2C,e”" -3C,e™
y'=Ce' +C,e' +4C,e” +9C,e™
ly"=C,e' —C,e +8C,e* —27C,e™®
(y(0)=1 — C,+C,+C,+C,=1
<y’(0)=0 - C-C,+2C,-3C,=0
y"(0)=—2 — C,+C,+4C,+9C, =-2
y"(0)=-1 - C,+C,+8C,-27C,=-1




Case 1: Real & Unequal Roots — Example




Case 2. Complex Roots

« Two complex conjugate roots
a=A+iu— y(x) =e** =e™|[cos px +isin ux]

 Solution

y, =e™ cos 1x

y, = e sin ux

y(x) = C.e™ cos ux +C,e™ sin ux



Case 2: Complex Roots — Example

y—y=0
y(0) =7,
| y'(0)=-4

y'(0)=%,
y"(0)=-2




Case 2. Complex Roots

substituthg y=e"

r4ert _ert — O
e"(r*-1)=0

(r*=1)=(r*-1)(r*+1)=0

L= 1+0i

' rreal — ce¥+c,e®

r,= 0+1i | B .
0_1 ~complex — c,e” cos ut +c,e” sin

r,= 0-1i



Case 2. Complex Roots

[ y=ce' +c,e’ +c cost+c,sint
y'=ce' —c,e —c;sint+c, cost
y" =ce' +c,e" —c,cost—c, sint
y" =ce' —c,e™ +¢;sint —c, cost
y@ =ce'+c,et +c cost+c,sint

Y(0)=% — cl+c2+c3=% | [ ¢=0
y'(0)=—4 — c,—c,+c, =4 c,=3

> —> 3
y”(0)=% —> cl+cz—c3:% C; =
y"(0)=-2 - ¢ -C,—¢,=-2 | | G =1




Case 2. Complex Roots

y=3et+%cost—sint
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Note — Given the initial conditions — ¢, =0
— For the samefirstIC but with y"(0) =-15/8
Instead of y”(0) = -2 the solutionis
I
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Case 2. Complex Roots

e' dominate the solutioneven with a small
coef.1/32, to large t

change y"(0)=-2 — y"(0)= —1%



Case 3. Repeated Roots

a=A+ig y(x)=e""* = e™cos ux +isin ux]

\!
y, =™ cos X
y, = e sin ux

Complexconjugateroots o = A +iu (repeateds—times)

y, =e™ cos ux y, =e™sin ux 0
y, = Xe™ cos ux y, = xe™sin ux 1
Ys = X°e™ COS £IX Yo = X“e™ sin ux 2
Yosi1 = x°e”™ cos HX Yosi2 = x°e™ sin HX S



Case 3: Repeated Roots — Example

yD 42y +y=0
r*+2r+1=(r*+1)(r*+1) =0
[ 0+1i

O+

0-1i
0-1i

r <

y = c,e™ cos(ut) +c,e” sin(ut) +c,te™ cos(ut) +c,te™ sinut)
y = ¢, cos(t) + ¢, sin(t) + c,t cos(t) +c,tsin(t)



B OUNDAR / VALUE  PROBLEM — BEAM
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