Class Notes 6:

Second Order Differential Equation —
Non Homogeneous — Force Vibration

MAE 82 — Engineering Mathematics



Tacoma Narrow (WA)

Video - Galloping Gertie - The Collapse of the Tacoma Narrows Bridge


https://www.youtube.com/watch?v=KqqyAZDpV6c
https://www.youtube.com/watch?v=KqqyAZDpV6c
https://www.youtube.com/watch?v=KqqyAZDpV6c
https://www.youtube.com/watch?v=KqqyAZDpV6c
https://www.youtube.com/watch?v=KqqyAZDpV6c
https://www.youtube.com/watch?v=KqqyAZDpV6c
https://www.youtube.com/watch?v=KqqyAZDpV6c

Dynamic Balance

Video - The vibrations resulting from the rotor destructs this Chinook helicopter



https://www.youtube.com/watch?v=DOhQWTBGEf8&feature=youtu.be
https://www.youtube.com/watch?v=DOhQWTBGEf8&feature=youtu.be
https://www.youtube.com/watch?v=DOhQWTBGEf8&feature=youtu.be
https://www.youtube.com/watch?v=DOhQWTBGEf8&feature=youtu.be

Force Vibrations — Introduction
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Forced Vibration Tests Aircraft

Video - CSeries Ground Vibration Test (GVT)



https://youtu.be/bQGHtXXUGQA
https://youtu.be/bQGHtXXUGQA
https://youtu.be/bQGHtXXUGQA
https://youtu.be/bQGHtXXUGQA
https://youtu.be/bQGHtXXUGQA
https://youtu.be/bQGHtXXUGQA

Force Vibrations — Introduction —
Frequency Response — Bode Plot

LINEAR SY¢TEM
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Force Vibrations — Introduction
Frequency Analysis — Fourier Series
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Force Vibrations — Effect of Gravity
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Force Vibrations — Classification
Damped Oscillation — Undamped Oscillation
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Force Vibrations ®
Undamped Oscillation — Case 1 |,

|

|

Undamped oscillator £ =0 w=w_ (Casel)

. . . F
mx+kx=Fcoswt = X+w, x=—coswt
m

X=X.+Xx,
w, . System winput

x =c,cos(w, t)+c,sin(w, )+ Acos(wt)+ Bsm(wr)

xc xp

X
Differentiating x,

. . F
— Aw? cos(wt) — Bw? sin(wt) +w, ” (A cos(wt) + Bsin(wt)) = — cos wt

m

X X

B mustbe B =0sinceitis a function of cos only



Force Vibrations
Undamped Oscillation — Case 1

» Using the undermined coefficient method

F
A(wn2 — W) cos Wt = — cos Wt
m

 Solve for A

F

A=
m(wn2 —w?)

e Resulted in

: F
x(t)=c,cos(w t)+c,sm(wt)+ > Cos Wt
m(w,” —w’)



Force Vibrations
Undamped Oscillation — Case 1

 Given the solution

x(t) =c, cos(w t)+c,sm(w t)+ COSs Wt

m(w,> —w?)
* Using the Initial Conditions x(0) = x,

e { x(o):xo
* Resulted in

1 0 F 1
x(t =0)=c, cos(w0)+c, sin(w0)+ co )=Xx
( )=¢ 2 M m(wnz_wz) M 0

F

m(w, ? —wz)

x(t=0)=—w, smM—i—czw co/(/w/v)— SM(): X,

m(w —w?)

C, =Xy —




Force Vibrations
Undamped Oscillation — Case 1

F X, . F
x(t)=| x, — > COSW t+—sinw t+ cos wt
2 n n 2 2
m(w, =~ —w w m(w,~ —w")
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staticdifflection ¢ = £

k
. w
frequencyratio r=—
Wn

F X, . F
x(t)=x, — - —— |cos w,t +—=sinw,t +—— ——CoS Wt
mw ~(1-7r") w mw “(1-7r")

n

COS Wt

o Xy .
x(t)=| x,— > |cosw,t+—sinw,f+ >

—r w |

n

Xo .
x(t)=x,cosw t+—smwit+ (cos Wt —C0S wnt)

w, l1-r
| J | J

Free response(Depends on |.C.) Force response(Depends on the input)
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Force Vibrations
Undamped Oscillation — Case 1

« Examining the factor of the force Response

Xy . o
x(t)=x,cosw t+—smw, i+ 5
w l1-r

n

(cos wt —cos w, )

Free response(Depends on |.C.) Force response(Depends on the input)

- Static Deflection Factor st

O F

« Magnitude Factor M 1— 72 [ W Jz
1-

M — Theamount by which the static deflection is either amp lified

or attenuated. It is a function of the ratio between the forcing

frequency(w) and the natural frequency(w,)



Force Vibrations
Undamped Oscillation — Case 1
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Force Vibrations
Undamped Oscillation — Case 1
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Force Vibrations
Undamped Oscillation — Case 1
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Force Vibrations
Undamped Oscillation — Case 1
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Force Vibrations
Undamped Oscillation — Case 1
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Force Vibrations o] W

Undamped Oscillation — Case 3 .,

« Undamped Oscillator £ =0 @~®, (case 3)

X+ @®,x =—Ccos wt
m
0)=0

C )_C() L, ORO,
x(0)=x

* The solution is similar to the case when o+ o,

F Xy . F
x(t)=| x,— 1 |COS @, +—sinw,f+ —5COS i
m(a)n —@ ) @ m(a) —@ )

n n

Xy .
x(t)=x,cosm t+—sinwt+ >
. ol

> (cos wt —cos w,t)
W, — )

n

e Sameas w#o,



Force Vibrations
Undamped Oscillation — Case 3
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Force Vibrations
Undamped Oscillation — Case 2 (Resonance)

Undamped Oscillator ¢ =0 o=, T

X+ x="—cosm,t
m
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w 0]

n n

(A cos @t + Bsin a)nt)
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Force Vibrations
Undamped Oscillation — Case 2 (Resonance)
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Force Vibrations

Undamped Oscillation — Case 2 (Resonance)
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Glass

Video - Wine glass resonance in slow motion



https://www.youtube.com/watch?v=BE827gwnnk4&feature=youtu.be
https://www.youtube.com/watch?v=BE827gwnnk4&feature=youtu.be
https://www.youtube.com/watch?v=BE827gwnnk4&feature=youtu.be
https://www.youtube.com/watch?v=BE827gwnnk4&feature=youtu.be

Force Vibrations — Damped Oscillations

X¥+2lw, x+w'x = acos wt

3 |=q

X, =@, Cos Wt + a, sin ot

X=x,+Xx,
Ce™ +C,e™ A =, real
X =1 (C1 + Czt)eﬂ’ A=A4=4 - t+a,cosat +a, sin wt
Ae™'sin(o+9)  A=—lw,* jo,

2.:C;,C,,4,¢pBasedon|.C.



Force Vibrations — Damped Oscillations

Substitute ¥, into the differential equation

X X
/\ A

r

— wa, cos f — w'a, sin wt +2(w |- wa, sin ot + wa, cos ot |

+ @’ [al cos wt +a, Sin a)t] = a cos wt
X

{— w'a, +2lw wa, +w.a, =a

7 Coefficient of cos wx

2 2 .
—-wa,+2w, wa, +w®,a, = O\ Coefficient of sin @

leesd| T H

A= (a),f - a)z)2 +(2¢w, o)



Force Vibrations — Damped Oscillations

g = a(a),f —a)z); 0, - 26w wa
. A A
m
X, = ! . [(a),f ~w’ )cos ot + (2w, w)sin a)t]

g (a),f — o’ )2 +(2¢w,0)

« Convert the solution to the form of a single trigonometric function
with a phase shift

X, = C cos(wt + ¢) = C(cos ¢ cos ot —sin ¢sin ot )
x, = Acos wt + Bsin ot

A=Ccos¢ B
. , C:\/A2+Bz, =tan"| — =
where {B:—Cs' y ¢ ( J



Force Vibrations — Damped Oscillations
2 2
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Force Vibrations — Damped Oscillations

F 1
X, =—
m o -} +(2¢0,0)

 Factor 60,3 out of the denominator

cos(at + @)

X (t)— > COS cot+¢)
w'm I P
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Force Vibrations — Damped Oscillations
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Single DOF - Resonance

Video - SDOF Resonance Vibration Test



https://www.youtube.com/watch?v=8zkJa2HD7ks&feature=youtu.be
https://www.youtube.com/watch?v=8zkJa2HD7ks&feature=youtu.be
https://www.youtube.com/watch?v=8zkJa2HD7ks&feature=youtu.be
https://www.youtube.com/watch?v=8zkJa2HD7ks&feature=youtu.be

