Class Notes 5:

Second Order Differential Equation —
Non Homogeneous

82A — Engineering Mathematics



Second Order Linear Differential Equations —
Homogeneous & Non Homogenous Vv

0 Homogeneous

rr+ t ’_|_ t =
y'+p)y +q(t)y {g(t) Non-homogeneous

* P, g, gare given, continuous functions on the open interval |



Second Order Linear Differential Equations —

Homogeneous & Non Homogenous —
Structure of the General Solution

X), Non-homogeneous
Y+ p(x)y'+q(x)y={g( ) ’
0, Homogeneous | {y(t=0)=y0
y'(t=0)=y,
Solution:

y=Y.(X)+Y,(X)

where
Y.(X): solution of the homogeneous equation (complementary solution)
Yp(X): any solution of the non-homogeneous equation (particular solution)




Second Order Linear Differential Equations —
Non Homogenous

y'+p@)y +a(t) = 1 (1)

{Y(t:O):yo
y'(t=0)=y;



Theorem (3.5.1)

If Y, and Y, are solutions of the nonhomogeneous equation
y"+p)y +at)y =g(t)

Then Y, - Y, is a solution of the homogeneous equation
y'+pM)y +a®)y =0

If, in addition, {y,, y,} forms a fundamental solution set of the

homogeneous equation, then there exist constants ¢, and ¢, such

that
Y1 (t) _Yz (t) =CY, (t) +G Y, (t)



Theorem (3.5.2) — General Solution

« The general solution of the nonhomogeneous equation
y'+pt)y' +a(t)y=9(t)

can be written in the form

Y(t) =G Y, (t) +CY, (t) +Y (t)

where y, and y, form a fundamental solution set for the homogeneous
equation, ¢, and c, are arbitrary constants, and Y(t) is a specific
solution to the nonhomogeneous equation.



Second Order Linear Non Homogenous Differential Equations —

Methods for Finding the Particular Solution

« The methods of undetermined coefficients

 The methods of variation of parameters



Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Block Diagram

Make an initial assumption about the format of the particular
solution Y(t) but with coefficients left unspecified

Substitute Y(t) into y”’+ p(t)y’+ q(t)y = g(t) and determine the
coefficients to satisfy the equation

There is no
solution of the R\

Determine y Find a
the solution of End
coefficients Y(t)

form that we
assumed




Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Block Diagram

« Advantages

— Straight Forward Approach - It is a straight forward to execute
once the assumption is made regarding the form of the particular
solution Y(t)

« Disadvantages

— Constant Coefficients - Homogeneous equations with constant
coefficients

— Specific Nonhomogeneous Terms - Useful primarily for
equations for which we can easily write down the correct form of
the particular solution Y(t) in advanced for which the
Nonhomogenous term is restricted to

« Polynomic
 EXxponential
« Trigonematirc (sin / cos)



Second Order Linear Non Homogenous Differential Equations —

Particular Solution For Non Homogeneous Equation
Class A

* The particular solution y,, for the nonhomogeneous equation
ay” +by"+cy =g(x)

« Class A
P (X) = Polynomial in x
g(X): n n-1
QX +aXxX  +..+4a,
[ AX"HAX T+ A c=0
Yy =1 x(Abx”+A1x”‘l+...+A1) c=0,b=0
kxz(onz+A1x”‘1+...+,0\1) c=b=0




Second Order Linear Non Homogenous Differential Equations —

Particular Solution For Non Homogeneous Equation
Class B

* The particular solution y,, for the nonhomogeneous equation

ay” +by"+cy =g(x)
e Class B

9 :{ © R0

e (ax" +a, X" +...+a )

9(x) = e” (AX"+AX T +..+A)

|— ais not aroot of the characteri stic equation ch(a) # 0

Xe™ (AX"+ AX" "+ +A)

| — ais asimple root of the characteri stic equation ch(x) =0

g(x) = X7 (AX"+AX T+ +A)

| — ais adouble root of the characteri stic equation ch(x) =0

e

g(x) =1




Second Order Linear Non Homogenous Differential Equations —

Particular Solution For Non Homogeneous Equation
Class C

* The particular solution y,, for the nonhomogeneous equation

ay” +by"+cy =g(x)
e Class C

1) = { e”(sin px or cosﬁx)P (x)

P (@ X" +a, X" +...+a,)

[l A AR

| {cos(Bx"+Bx"+...+B,) }

yp_< o sm,Bx(AOx”+A1x”1+ +A1)+
Losﬁx(Bx +BX"'+..+B,)

} ch(a+if) =0



Second Order Linear Non Homogenous Differential Equations —

Particular Solution For Non Homogeneous Equation
Summary

« The particular solution of ay”+by’+cy = g;(t)

g; (1) Yi ()

P(t)=at"+at"™" +..+a, tS(A)t”+Ait”‘1+...+Aq)

P (t)e* tS(AOt” +Ait”‘1+...+,6h)e"‘t

. (t)eat{sinﬂt ts[(AOt” +Alt”‘1+...+,0h)eo‘t cos /3t
! cos 3t +(Bot”+Blt”‘1+...+Bn)e0‘t sin,Bt]

s is the smallest non-negative integer (s=0, 1, or 2) that will ensure that no term in
Yi(t) is a solution of the corresponding homogeneous equation

s is the number of time

0 is the root of the characteristic equation

a is the root of the characteristic equation
a+if is the root of the characteristic equation



Second Order Linear Non Homogenous Differential Equations —

Particular Solution For Non Homogeneous Equation

Examples
2(x) Form of y,
1. 1 (any constant) A
2. 5x + 7 Ax + B
3. 3x* =2 Ax* 4+ Bx+ C
4. x> —x+1 AP+ Bx*+ Cx + E
5. sin4x A cos 4x + B sin 4x
6. cos 4x A cos 4x + B sin 4x
7. eSx AeSx
8. (9x — 2)e™ (Ax + B)e>*
9, x%eF (4x* + Bx + () e>*
10. &% sin 4x Ae** cos 4x + Be’* sin 4x
11. 5x? sin 4x (Ax* + Bx + C)cos 4x + (Ex? + Fx + G) sin 4x

12.

xe ¥ cos 4x

(Ax + B)e** cos 4x + (Cx + E)e** sin 4x




Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Example 1

yrr _3yr . 4y — 3e2t

2 -31-4=0

3+,9-4(-4)
; -

3,2
272

Z(x) Form ot y,

7. e’ Ae’*



Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Example 1

y!r _3yr _4y — 3e2t
(Y (t) = Ae?
Y'(t) = 2Ae”
Y"(t) = 4Ae”

.

§4A—6A—4A}e2t — 32

A
A=—1
2
1
Yp(t)_—Ee2t



Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Example 2

y"'—3y'—4y =2sint

2(x) Form of' y,
S. sin 4x A cos 4x + B sin 4x
[ Y (t) = Asint
Assume 5 Y'(t) = Acost
Y"(t) = —Asint

— Asint—3Acost —4Asint = 2sint
(2+5A)sint+3Acost =0

There is no choice for constant A that makes the equation true for all t



Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Example 2
y"'—3y'—4y =2sint

[ Y (t) = Asint + Bcost
Y'(t) = Acost — Bsint
Y"(t) =—Asint —Bcost

Assume

N

(—A+3B—-4A)sint +(—B—-3A—-4B)cost =2sint

{—5A+BB=2 A:—%7 B:%7

-3A-5B=0

__5/ qj 3
Y, (t)= 47smt+47cost



Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Example 3

y"—3y' —4y =—-8e' cos2t

a(x) Form ot y,

10. ¥ sin 4x Ae’* cos 4x + Be’¥ sin 4x

[ Y(t) = Ae' cos2t + Be'sin 2t
Y'(t)=(A+2B)e' cos2t+(-2A+B)e'sin2t
Y'(t) =(-3A+ 4B)e' cos2t + (—4A—-3B)e'sin2t

.

10A+2B =8
{ A=10/13; B=2/13

2A-10B =0

Y, (t) = Eet cos2t +£et sin 2t
13 13



Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Example 4
(Pathological Case) — Zill p.153
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Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Example 4
(Pathological Case) — Zill p.153

)”' +J £, \Xc.os(x)l—‘f'(’%‘?(%) ‘
B oo Y | S|
|
" L
A +41 =0

o= 2 =1 |

3 jjf\ = (4 Cs X +(C, StA X

o b & 7;,\ s £ Cys(’X—¥)> X

Add ‘Dl;wzm’{ °©

Add ‘ T

N = AUE X codX) -4k s ﬂ<275+ zvc\')c@sm% 2/ +zf> <1ax
e e - ) ,
X osx = CeSX

+ Cx@wsx + £ X six |



OFE =1
~b¢ - O
2B+2¢=~1
—2A 12E =0

y = Oy WSX 4, en X

.
jh,

B =172
C = O
E=t/y

+ % X ces(R) — //2_ X szk()a) T //t.( }‘Z sta(X)

\( —

Je




Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Example 5
(Pathological Case) - Zill
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Second Order Linear Non Homogenous Differential Equations —

Method of Undermined Coefficients — Example 6
(Pathological Case) - Zill
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Second Order Linear Non Homogenous Differential Equations —

Method of Variation of Parameters

Advantage — General method

Diff. eq. y'+p)y' +at)y=9(t)

For the Homogeneous diff. eq.

y"+pt)y +q(t)y=0
the general solution is

Yo (t) =y, (D) +C,Y,(t)

so far we solved it for homogeneous diff eq. with constant coefficients.
(Chapter 5 — non constant — series solution)



Second Order Linear Non Homogenous Differential Equations —

Method of Variation of Parameters

Replace the constant ¢, &c, by function uy(t), u,(t)

¢, — Uy (1)
C, = Uy (1)

(*) Y, =u (1) Y, (1) + U, (1) Y, (1)

- Find u,(t),u,(t) such that is the solution to the nonhomogeneous diff. eq.
rather than the homogeneous eq.

/ / / / /
Yp = Uy, TU Y, TU Y, FULY,

noo A AT mo, P, ",,'
yp — ulyl + ulyl +u1y1 + ulyl +U2y2 +U2y2 + u2y2 + uZyZ




Yo+ P(X)Yp +a(X)yp =

Second Order Linear Non Homogenous Differential Equations —

Method of Variation of Parameters

®

[

= Ul[

Y+ pyi +ayi ]+ ua[y + py’ +ays ]

=0

Seek to determine 2 unknown function U, (t), u,(t)
Impose a condition uj®)y;(t) +uz(t)y2(t)=0

The two Egs.

{ui(t) y1(t) +us(t)yo (t) =0
up(t)y1(t) +us(t)ya(t) = g(t)

]

y1; y2! y:[l y’2’

Uq, Us

known
unknown

®” l@l @l @ @I I®I I@I @
UpY1tiulyg HuUr Y[+ uiyg +HuU2yg +u2yZg +U2yz +u2ys
® @®
+ p()ugyil+ ufyy +uoy5 + U?yz]
1S REC)
+q(X)[uy1[+uzyq]
| 14 @ ! ! 14 @ [ ! [ @ ! ! ’@ !
U1y +U1yp Hu2yo +U2yo i+ D[U1y1+U2Y2]+ U1ys +Uzy>
-0 ! ;
d ' d ' ' ’ | 1ot 1ot
&[u1y1]+ &[uzyz] + p[ulyl +U2Y2_ + ulyl +u2y2 g(t)



Second Order Linear Non Homogenous Differential Equations —

Method of Variation of Parameters

d ' d ' ' ' "\’ "v'
&[ulyl]'1L &[UZyZ]'{_ pluy, +upy, Hupy; +usy; = g(t)

d , , ' ' ', 1y’
&l:ulyl TUy Y, ]‘+ 4u1y1 TUyY; ]‘+ UrY; +UsY, = 9(t)

- Seek to determine 2 unknown function u,(t), u,(t)

- Impose a condition| uj(t)y;(t) +u5(t)y»(t)]=0 Reducing the diff. equation to

u; () y; (1) +u; (1) y; (Of= g (t)

- Thetwo EqS JUi(t) y1(t) +ua(t)yo(t) =0 J Y1: Y2, Y1, Y2, known
ug (1) y1(t) +u2()y2 (1) + g(t) u,u;  unknown




Second Order Linear Non Homogenous Differential Equations —

Method of Variation of Parameters

‘0 y2 yp O
5= 19 y2| . 0 = yi 9
Y1 Y2’ Y1 Y2
Y1 Y2 yi Y2
U = yo0 . uh = Y19
W(y1,Y2) W (y1,Y2)
ulz—J‘LdtJrcl; U2=J‘Lgdt+02
W (Y1, Y2) W (Y1, Y2)

Based on (*) yp =up(t) y1(t) +ua (t) y2(t)

Y29 19
Yp(t) = —Y1I—dt+01 + yzj—dt+c2
P W (y1, Y2) W (y1,Y2)



Theorem (3.6.1)

« Consider the equations
y'+p®)y+at)y=9®) @
y'+p®)y +a(t)y=0 (2)
 If the functions p, g and g are continuous on an open

interval I, and if y, and y, are fundamental solutions to Eq.
(2), then a particular solution of Eq. (1) is

_ Y, (t)g(t) ()g(t)
YO =-%0) W (y,, ¥, (t) A0 a

and the general solution is
Y(t) =Gy, (t) +GY, (t) +Y (t)

dt +y, (1) [ -



Second Order Linear Non Homogenous Differential Equations —

Method of Variation of Parameters — Example

- Solution to the homogeneous diff Eq.

A-1=0 - 4, =-1 4, =1

Yo =Ce +Ce”
- Solution to the nonhomogeneous diff Eq.

Y. Y,
Y1 Yz

W(ex,e‘x):




Second Order Linear Non Homogenous Differential Equations —
Method of Variation of Parameters — Example

= ot
U = = ' (1/X) I —dt

Xo

1050 Y M)
YO=%005 6 Vo O w0

=Y (1) =u, (1) y,(t) +U, (1) y,(t)

1 .re’t 1 e
=Y({t)==¢e"| —dt—=e* | —dft,
Y, =Y 2 It 2 jt

Xo Xo



Second Order Linear Non Homogenous Differential Equations —

Method of Variation of Parameters — Example

- General Solution to the nonhomogeneous diff Eq.
Y=Y tYp

1 . re™ 1 . ré
=ce'+ce+=e' | —dt—=e | —dt
y=4 ’ 2 Jt 2 Jt

Xo Xo



